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Abstract

This dissertation tackles the problem of describing the com-
plex phenomena magnetic fluid droplets undergo under certain exter-
nal magnetic field configurations, which has proven to be elusive of a
quantitative description, except in the simplest of cases. To address this
problem, a mathematical model of the full three-dimensional free sur-
face dynamics of magnetic fluid droplets in magnetic fields is required.
A particular model relying on solving boundary integral equations, as
well as its algorithmic implementation is presented in this work. The
algorithm can handle arbitrary droplet and carrier fluid viscosity ratios
and can capture various shape instabilities the droplet might undergo
under the right magnetic field conditions, like sharp conical tip develop-
ment or transforming into a starfish-like form. It enables the evaluation
of various approximations often used to describe ellipsoidal droplets, by
comparing the droplet dynamics calculated from such approximations
to the results achieved from first principles with this numerical tool.
The algorithm may also be used to explore droplet configurations in
arbitrary magnetic fields, as well as to indirectly calculate the physical
properties of magnetic fluid droplets and to predict the magnetic field
thresholds above which the droplet shape can develop surface instabil-
ities.

Keywords: Stokes Flow, Boundary Integral, Magnetic Fluid,
Instability, Equilibrium Figures.
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1 Introduction

1.1 Recent developments in the field

Mathematical physics has long been concerned with equilibrium figures
various objects might assume in different external physical conditions.
For example, the classical problem of self-gravitating masses [1] allowed
for the exploration of many bifurcations of surface shapes. The sem-
inal paper by G.I.Taylor [2] sparked vast research into the the equi-
librium shapes an electrically or magnetically responsive fluid might
take, as well as their dynamics under the action of external electro-
magnetic fields. In particular, significant breakthrough in the research
of droplets under the action of electromagnetic field arose with the
synthesis of magnetic liquids [3] allowing many interesting effects to be
observed and described, such as the droplet deformation and its dy-
namics under the action of static magnetic fields [4, 5], rotating fields
[6, 7] and labyrinthine pattern formation in the Hele-Shaw cells [8, 9]
or of systems of vanishing interfacial tension [10]. For the description
of these effects different approximate methods [11, 12, 13] (assumption
of ellipsoidal shape, satisfaction of boundary conditions on average and
others) were created which need to be confirmed. Even more different
observed phenomena still are not described theoretically or sufficiently
explored numerically, – such as the dynamics of hysteresis of droplet
deformation [14], re-entrant transition of figures of equilibrium of mag-
netic droplets in a high frequency rotating field [6], spike formation on
the droplet’s poles [15] and others. It should be noted that droplets
under the action of electromagnetic field have many uses such as inves-
tigation of mechanical properties of tissue [16], dynamic self assembly
[15], magnetic hyperthermia for cancer therapy [17], microrobotics for
cargo transportation [18, 19], programmable droplets for flow control
[20] and many others.

In parallel with the experimental investigation of magnetic droplets,
significant efforts in the development of the numerical methods for
their simulation have been undertaken. Efficient tools for the simula-
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tion of the free boundary phenomena may be developed on the basis
of the boundary integral equations [21, 22]; they have recently been
used to observe various “starfish” like droplet shape instabilities in
a two-dimensional Hele-Shaw cell model [23]. In axisymmetric case
these methods were developed in [24, 25]. Among the phenomena pre-
dicted is, for example, the formation of the spikes on the droplet’s
poles if the magnetic permeability is high enough [25, 26, 27]. It may
be noted that by using boundary integral equation technique the sim-
ulation of such complicated free boundary problem as the formation of
the labyrinthine patterns in the Hele-Shaw cells has been carried out
[28]. The application of the boundary integral equation algorithm for
the real three dimensional case is a real challenge since special care
should be applied to keep the quality of mesh on the the droplets sur-
face [29, 30, 31]. Modelling such dynamics can also be approached via
the level-set method [32], the immersed boundary method [33] which
is sensitive to precise boundary description[34] or Lattice Boltzmann
methods which can handle complex fluid configurations and the coex-
istence of multiple fluid phases well [35]. A further review of magnetic
fluid modelling and simulations is also available [36]. In parallel to
the development of the numerical tools for the simulation of magnetic
droplets, corresponding elaborations are taking place for simulation of
droplets in leaky dielectrics where besides the usual terms, the convec-
tive surface charge transfer by the liquid motion should be taken into
account [37].

One of the first undertakings to simulate magnetic droplets in
the three dimensional case was undertaken in [38] under the condi-
tion of equal viscosities of the droplet and surrounding fluid. Since
the viscosities of the concentrated phase of strongly magnetic droplets
obtained by the demixing of magnetic colloids are significantly larger
than the viscosity of the carrier liquid (usually water) [39] it is crucial
in the simulation of their dynamics to account for that in the numerical
models.

At present there do not exist exact solutions of magnetic droplet
behaviour under the simultaneous action of viscous, magnetic and cap-
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illary forces which may be used as benchmarks for validating numer-
ical models. In this situation the validations of the numerical models
is carried out by the comparison of the numerical results with some
approximate solutions. It is our aim here to carry out these compar-
isons using the simple model of a magnetic fluid droplet [3] using an
extension of the numerical algorithm of [38].

1.2 Numerical Simulation Methods for Fluid Droplets

Magnetic fluid droplets can be investigated with optical methods, owing
to their large enough dimensions, but such approaches are not as viable
to measure, for example, the pressure or stress fields inside or around
the droplet. In such cases numerical methods can be of great help
by solving mathematical models of the underlying physical phenomena
and comparing their results to experimental observations.

Integral equations allow to take into account various boundary
conditions on fluid interfaces and provide a tool to relate the physical
parameters like pressure, velocity, and stresses at a certain point on a
particular boundary to those of all the other points on all boundaries.
In this thesis we investigate the Boundary Element method (BEM),
as we are particularly interested in the droplet interface dynamics and
instabilities.

1.3 Main objectives of this work

Since the simulation of magnetic fluid droplets in three dimensions is
still a very nascent field, especially in the case of arbitrary droplet and
carrier fluid viscosity ratios, the aim of this thesis is to develop a nu-
merical simulation tool and with it an understanding of their behaviour
in various magnetic fields.

To pursue this objective, the following problems are tackled:

• Develop a three-dimensional numerical algorithm for calculation
of magnetic field and velocity field of fluids based on the boundary
element method relying on boundary integral equations.
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• Use the algorithm to probe the limits of various approximations,
often used in this setting, e.g. the assumption of the elliptical
form of the droplet.

• Numerically analyze droplet shape instability onsets and evolu-
tion, e.g. the “starfish” instability.

• Apply the algorithm to indirectly obtain physical properties (sur-
face tension, magnetic permeability and viscosity) of droplets by
fitting simulation results to experimental data.

• Numerically observe previously unseen effects, e.g. the back-and-
forth motion of magnetic liquid droplet in a rotating field.

1.4 Approbation of the results

1.4.1 Publications

A. Langins, A. P. Stikuts, A. Cēbers, “A three-dimensional boundary
element method algorithm for simulations of magnetic fluid droplet
dynamics”, Physics of Fluids 34, 062105 (2022).

1.4.2 Conferences

A. Langins, A. P. Stikuts, A. Cēbers, “A 3D BEM algorithm for simula-
tions of magnetic fluid droplet dynamics”, International Conference
on Magnetic Fluids, Paris, France 2019.

A. Langins, A. P. Stikuts, A. Cēbers, “Starfish instability evolu-
tion of magnetic fluid droplets in rotating magnetic field”, 11th LIQ-
UID MATTER CONFERENCE, remotely in Prague, Czech Re-
public, 2020/2021.

1.4.3 Scientific project

European Union’s Horizon 2020 research and innovation program under
Grant Agreement MAMI No. 766007, “Magnetism and Microhydrody-
namics”.
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2 Mathematical model

We consider a droplet of magnetic fluid of permeability µ suspended
in an infinite non-magnetic carrier fluid and subjected to an external
magnetic field. The inertia of the fluid is assumed to be negligible. In
this case the motion is governed by the Stokes equations for a magnetic
fluid [3, 40].

−∇p+ η∆v + fM = 0, ∇ · v = 0, (1)

where p is the pressure, η is the dynamic viscosity, fMi = ∂kTik

is the volume force due to magnetic field, and Tik = −1
2µ0H

2δik +

HiBk is the Maxwell stress tensor, H is the magnetic field intensity,
B = µ0(H +M) is the magnetic field induction and M is the mag-
netization. The boundary conditions for forces on the droplet surface
read

(σ
(e)
ik − σ

(i)
ik )nk + (T

(e)
ik − T

(i)
ik )nk − γ(k1 + k2)ni = 0, (2)

where σik = −pδik + η (∂ivk + ∂kvi) is the stress tensor of the fluid,
γ(k1+k2) is the capillary force due to the surface tension, with γ being
the surface tension and k1, k2 being the principal surface curvatures,
and n is the unit normal vector pointing out of the droplet. The
superscripts (e) and (i) denote the parameters outside and inside of
the droplet, respectively.

In order to determine the behaviour of the magnetic fluid droplet,
the magnetic fields needs to be known on its surface. As the involved
magnetic field reacts to the changes of the droplet shape momentarily,
the problem can be assumed to be governed by magnetostatics.

Several assumptions are to be made in order to make the prob-
lem tractable. The droplet is assumed to be linearly magnetizable
M = χH where M is its magnetization, χ is the magnetic suscepti-
bility. We also assume the involved fluids to be non-conductive and
so their free current densities J to be zero – the relevant Maxwell’s
equation then reads ∇×H = J = 0.

In this case the magnetic field can be expressed as a gradient
of magnetic scalar potential H = ∇ψ. These assumptions allow us to
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conclude that the magnetic potential has to satisfy the Laplace equa-
tion ∆ψ = 0.

2.1 Dimensionless equations of motion in integral form

To simplify the problem, we introduce the length scale as the radius of
a spherical droplet R0, time scale defined by t0 = R0η

(e)/γ, a magnetic
field scale given by the external field H0, a magnetic permeability scale
given by the vacuum constant µ0, a viscosity parameter λ = η(i)/η(e)

and the Bond magnetic number Bm = 4πµ0R0H
2
0/γ.

Using these scales, it is possible to write an integral equation for
the velocity of the points on the droplet’s surface, which automatically
satisfies the boundary conditions [22]:

vk(y) =− 1

1 + λ

1

4π

∫

S
(k1(x) + k2(x))ni(x)Gik(x,y)dSx

+
1

1 + λ

1

4π

∫

S
fM (x)ni(x)Gik(x,y)dSx

+
1− λ

1 + λ

1

4π

∫

S
vi(x)Tijk(x,y)nj(x)dSx

+
2

1 + λ
v0k(y),

(3)

where the integrals are evaluated over the surface of the droplet and
contain the so-called stokeslet, that describes the linear relation be-
tween a point force g and the velocity v, given by Gik(x,y) =

δij
|x−y| +

(xi−yi)(xj−yj)
|x−y|3 and the so-called stresslet, relating the point force and

the stress tensor, given by Tijk(x,y) = −6
(xi−yi)(xj−yj)(xk−yk)

|x−y|5 , and fM

is the magnetic normal force fM = Bm
8π (µ− 1)

(
µH(i)2

n +H(i)2
t

)
.
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3 Numerical Algorithm

The magnetic fluid droplet surface is tessellated by a mesh of triangular
boundary elements with collocation points (nodes) at their vertices
(Figure 1). The integrals are calculated using the trapezoid integration
method using only the integrand function values at the nodes. This
approach allows us to conveniently recast the summation over the flat
triangles to a summation over nodes [29]

∫

S
f(x)dS ≈

∑
i

f(xi)∆Si, (4)

where the summation is done over every node i, and ∆Si = 1/3
∑

∆S

is the mean area of the triangles adjacent to the i-th node. Using this
reformulation, the integral equations become simply linear systems of
equations that can be solved with common numerical libraries.

The original spherical mesh is obtained by iteratively “slicing”
an icosahedron, by adding more nodes on its faces and projecting the
newly added nodes on a sphere, as also proposed by [41]. The sim-
ulations usually utilized two or three slicing iterations, increasing the
number of nodes up to 162 or 642 respectively. The normals and the
surface curvatures at each vertex are determined by fitting a paraboloid
on the relevant vertex and its immediate neighboring vertices [29].

3.1 Mesh maintenance

In general, the droplet surface has a nonuniform velocity distribution,
so just translating the initially uniformly distributed nodes would de-
grade the mesh quality rather fast, as some triangles would become
more deformed than others.

To diminish this unwanted effect, numerous mesh maintenance
techniques are used during the simulations, which are explained in this
section.
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3.1.1 Passive stabilization

Given that the dynamics of the droplet surface is determined solely by
the normal velocity component, the mesh degradation may be slowed by
properly adjusting the tangential velocity components. In the so called
passive stabilization [30], the tangential components can be adjusted
in order to minimize a certain “kinetic energy” function

F =
∑
xij

[
d

dt

(
|xij |2

h2ij
+

h2ij
|xij |2

)]2

+ 0.4
∑
∆

1

C2
∆

(
dC∆

dt

)2

, (5)

where the first sum pertains to edges between nodes i and j and tries
to keep the edges xij at some optimal length hij that is determined by
the local curvatures of each node [30], while the second sum pertains to
the mesh surface triangles and attempts to keep the triangles as regular
as possible, by using the “compactness” of a triangle

C∆ =
S∆

a2 + b2 + c2
, (6)

with a, b, c representing the triangle side lengths, as a guide [30].

3.1.2 Active stabilization

The algorithm outlined above slows the mesh degradation but does
not stop it entirely. In addition the so called active stabilization [30]
between the time-stepping of nodes is necessary. In active stabilization
the nodes are translated along the surface of the droplet in order to
attempt to minimize a “potential energy” function

E =
∑
xij

[
1

2

(
|xij |2

h2ij
+

h2ij
|xij |2

)]50

+
∑
∆

(
Creg
∆

C∆

)100

, (7)

where Creg
∆ =

√
3/12 is the compactness value of a regular triangle.

This “potential energy” function E takes on large values when an edge
xij differs a lot from its optimal length of hij and so it avoids both
inappropriate crowding and scattering of vertices, as well not allowing
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triangles to deviate a lot from the optimal compactness value of a
regular triangle.

The above energy functions E and F have their gradients ex-
pressible in an explicit analytical form, allowing for efficient calcula-
tions.

3.1.3 Edge flipping

Edges between vertices can be reconnected. These edge flips allow for
increasingly regular triangles and they are applied sequentially to all of
the edges until no more flips are allowed. There are extra rules, however
— an edge will not be flipped, if it would result in a node with less than
five connected neighbouring nodes. This is enforced to ensure that a
general paraboloid, requiring five parameters describing its shape, can
be fitted to every node and its neighbors. The edge flipping algorithm
is applied at every simulation step. If any edge has been flipped, active
stabilization will be applied again to ensure the regularity of the mesh.

3.1.4 Node addition

It was found that to ensure accurate results, more nodes are needed
in regions of high surface curvature, therefore, we also implement a
node addition routine. However, this significantly increases the time
of computation, which scales approximately as O(N2), where N is the
number of nodes.

If the surface curvature is determined to be large enough with
respect to some cut-off criterion ε, the new nodes would be introduced
at the middle of each edge of the marked triangles [31]. These new
nodes are then mutually connected so that each of them has at least
five neighbours.

Finally, the neighborhood of triangles affected by this new node
addition is also actively stabilized, similarly as in [31]. The node addi-
tion routine is shown in Figure 1.
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Figure 1: An illustrative example of the node addition routine. First,
the triangles marked for node addition are found, as shown in yellow.
As the cyan triangle has at least two neighboring triangles marked for
splitting, it itself is also marked. The new nodes are added in the middle
of every edge of the marked triangles, remembering to introduce extra
edges to make sure every node has at least five neighbors. The new
edges are indicated by the dashed lines. Finally, the affected triangles
as well as their neighborhood, marked in orange, are actively stabilized
to enhance the mesh quality.

3.2 Summary

The numerical algorithm can be briefly summarized as follows:

• For a particular external magnetic field, solve the boundary inte-
gral equation for the magnetic potential ψ on the droplet surface.

• Find the tangential Ht and normal Hn magnetic field compo-
nents.

• Calculate the normal magnetic surface forces fM .

• Obtain the velocities of each node from the integral equation (3)
and translate them accordingly with the first-order Euler method.

• Apply mesh maintenance techniques at every simulation step.
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4 Algorithm validation

Having introduced the algorithm itself and its mesh stabilization tech-
niques, we now turn to validating its outputs with multiple known
theoretical relationships for magnetic fluid droplet equilibrium config-
urations and dynamics. Discrepancies between these theoretical rela-
tions and our numerical simulation results might hint at the limits of
applicability of the relations themselves or the limits of the assumptions
underlying their derivations.

4.1 Relaxation to a sphere

Figure 2: Characteristic dimensionless relaxation time τ of an elon-
gated droplet as a function of the droplet-fluid viscosity ratio λ.

In the absence of an external magnetic field, the deformation of
a stretched droplet, approximated with an ellipsoid of rotation, should
decay exponentially under the action of capillary forces e−t/τ , where τ

is the characteristic relaxation time.
A comparison with the numerically determined relaxation times

is presented in Figure 2.
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4.2 Equilibrium elongation in constant field

Figure 3: Evolution of the droplet through the hysteresis region. The
blue (red) points indicate the calculated trajectory with increasing (de-
creasing) magnetic field once the droplet has equilibriated. The simu-
lation utilized µ = 30 and λ = 7.6.

We can also compare the droplet equilibrium configurations in a
magnetic field determined by the algorithm against theoretical relations
given below. Figure 3 exhibits the comparison between the numerically
obtained equilibrium shapes of the droplet in a given magnetic field Bm

with the theoretical relationship from [5, 12]

Bm =

[
4π

µ− 1
+N

]2 1

2π

(
3−2e2

e2
− (3−4e2) arcsin e

e3(1−e2)1/2

)

(1− e2)2/3
(
(3−e2)

e5
log

(
1+e
1−e

)
− 6

e4

) , (8)

where e symbolizes the eccentricity of the fitted ellipsoid e =
√
1− b2/a2

with a, b being its long and short semi-axis, respectively, and N is the
demagnetizing factor.
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The derivation of the equilibrium formula (8) relies on an as-
sumption of an axisymmetric ellipsoidal droplet, an approximation
which works well until the axial ratio of about 7 [42]. This limit can
also be observed in Fig. 3 where the simulated result deviates for highly
elongated droplets, an effect explained by the droplet developing more
conical tips than a fitted ellipsoid would possess at the corresponding
elongation, and thus no longer obeying to the ellipsoidal approxima-
tion.

Figure 3 also shows the droplet undergoing hysteresis in its elon-
gation whereby it might suddenly stretch when the field is increased
past the critical value of about Bmc ≈ 3.68, but its elongation with
follow a different trajectory when the field is decreased.

4.3 Elongation of quasi-stable droplets

The smaller the amount the magnetic field is over the critical value
Bmc, the longer the droplet will stay in this quasi-stable state, be-
fore it “jumps” over to a truly stable configuration, indicating a time
bottleneck region.

The dynamics of this instability “jump” are governed by a hy-
perbolic differential equation shown by [14] for small t

a

b
−

(a
b

)
c
= S τ tan t

τ
, (9)

where a/b is semi-axial length ratio, here τ is the characteristic time
spent in the bottleneck region before the “jump”, t represents time, S
is a numerical constant, and the subscript c indicates critical value, i.e.
the one at the extremum of the equilibrium curve (8).
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Figure 4: Elongations of the droplet during “jumping over” the hystere-
sis region at various external magnetic field h values, with an overlay of
dashed tangential fits, according to (9). The originally accelerated dy-
namics saturate as the droplet reaches its new equilibrium elongation.
Droplet parameter values used in simulations here were µ = 30, λ = 7.6.

An example of multiple droplet stretching trajectories at dif-
ferent magnetic fields h = H/Hc − 1 is shown in Figure 4, with the
corresponding tangential fits of Eq. (9) of τ and S overlayed with the
dashed lines.

A further analysis explores the numerically obtained bottleneck
behaviour of the droplet close to the critical field parameter Bmc before
“jumping” over the instable region to a stable configuration. The time
spent in this bottleneck is expected to follow τ ∼ 1√

h
[14], or log τ ∼

−0.5 logh in logarithmic terms, which is in excellent agreement with
the value of k = −0.534 determined from the numerical simulations.
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5 Simulations

This section surveys the various simulations performed by the newly
developed algorithm that, to our best knowledge, have not been done
before.

The simulations of a droplet in a constant field yield two im-
portant results. First, the algorithm is able to capture the conical tip
development of highly magnetic droplets.

And second, the simulated droplet shapes in increasing mag-
netic field strengths once the droplets have equilibriated are comparable
with the shape evolution that has been observed experimentally. This
comparability with experimental results allows for indirect inference
of droplet parameters like viscosity, permeability and surface tension,
which has previously been rather difficult for microscopic magnetic
fluid droplets.

In the case of a rotating field, three notable results have been
achieved. First, back-and-forth motion of a liquid object – magnetic
fluid droplet – has been simulated in three dimensions. This effect has
been previously observed in solid magnetic rods and elastic magnetic
filaments.

Second, the development of the “starfish” instability has been
numerically captured and the critical field at which this instability
arises has been determined from the droplet shape evolution as well.

Finally, the simulations qualitatively point to a re-entrant tran-
sition whereby a droplet that has undergone an oblate-prolate transi-
tion in increasing magnetic field strengths will revert back to an oblate
shape in even higher fields.
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5.1 Constant field

5.1.1 Conical tip development

t = 0.6 t = 47 t = 72 t = 81

Figure 5: Droplet elongation in a constant magnetic field with Bm =

5, µ = 30, λ = 10. Development of sharp tips can be seen, as well as
addition of nodes in regions of high surface curvature. This figure has
been obtained in collaboration with A. P. Stikuts.

An initially spherical magnetic fluid droplet is subjected to a constant
homogeneous magnetic field and it stretches at a some rate until it
reaches an equilibrium elongation, where the magnetic forces balance
the surface tension force. For droplets of high magnetic permeability
µ at high enough magnetic fields, it is possible for them to even grow
sharp conical tips. A similar effect has been predicted [25] and observed
[5] before. Here we are able to recapture this phenomenon numerically,
as shown by simulation results in Figure 5.
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5.1.2 Comparison with droplet elongation in experiments

Figure 6: Stretching of a magnetic fluid droplet in a magnetic field,
increasing from zero in a stepwise manner, indicated by the dotted
lines. In black – experimental results with µ = 34±1.5, γ = (8.2±0.4) ·
10−7J/m2, λ = 10.1±2.5) in an external magnetic field. The blue and
green curves are obtained numerically with (µ = 34, γ = 7.7·10−7J/m2,
λ = 7.6) and (µ = 34, γ = 8.2 · 10−7J/m2, λ = 7.6), respectively. The
numerically calculated curves allow to indirectly find the bounds of the
droplet parameter values. Experimental data supplied by A.P. Stikuts.

An example of a magnetic fluid droplet elongation measured experi-
mentally is shown in Figure 6, where an initially spherical droplet is
subjected to homogeneous magnetic fields of increasing magnitude in
a stepwise manner. The simulation results enclose the experimental
elongation curve from below and above – this would indirectly hint at
the underlying bounds of droplet parameters like their surface tension
γ, magnetic permeability µ and the ratio of viscosities λ.

Nonetheless, we should mention that these calculations require
large computational resources and since there are three parameters to
be estimated, this approach of droplet parameter estimation does not
seem practical at the moment.
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5.2 Rotating field

5.2.1 Back–and–forth motion

Figure 7: Back–and–forth motion of a droplet (shown in the inset), that
has been first elongated in a constant magnetic field, in moderately
fast rotating fields of different dimensionless frequencies ω. The curves
represent the angle between longest droplet axis and the stationary z

axis. Parameters used in simulations: µ = 30, Bm = 10, λ = 1. Here
node addition was disabled, to speed up the simulations.

Droplets that were initially elongated in a constant field were then ex-
posed to a rotating magnetic field of various dimensionless frequencies
ω.

At small rotation frequencies, the droplet follows the external
magnetic field, as expected. However, at larger frequencies, a back-
and-forth motion of the liquid droplet was observed, as seen in Figure
7 where the angle of the longest droplet axis is shown to be oscillating
around an averaged uniform rotation with respect to the z axis.
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5.2.2 The “starfish” instability

Figure 8: Example of the starfish instability developing in a rotating
magnetic field, using Bm = 35, µ = 10, ω = 10, λ = 7.6 and the node
addition cut-off criteria ε = 0.4.

The algorithm gives us the ability to explore the beginning of the
starfish instability, exemplified in Figure 8. It is known to occur at fast
enough and strong enough rotating magnetic fields, when the oblate
magnetic fluid droplet “grows” finger–like structures around its perime-
ter [6].

It is possible to analyze the onset and evolution of these “starfish”
instability modes by exploring how their Fourier amplitudes An ∝ eβnt

and their logarithmic growth increments βn behave in time at different
magnetic fields.
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To determine the critical field Bmc above which a mode might
manifest itself, one has to find the magnetic field value at which the
slope (logarithmic increment) β of the log-amplitude evolution changes
sign.

A particularly interesting mode to investigate is the n = 2 mode,
whose growth would indicate the oblate-prolate transition, or, in pos-
sibly more relatable terms, pancake-like shape to rugby-ball-like shape
transition.

Figure 9: The vertical red line on the left side of figure shows the critical
field determined via the logarithmic increment β2 changing sign. It
matches perfectly with the theoretical value. The square area on the
right side of the figure shows the droplet becoming oblate (pancake-
like) again at larger magnetic fields. Simulated using µ = 10.

This transition is indicated by the sharp drop of the blue curve
in Figure 9. The blue curve been calculated numerically by minimizing
the energy of a droplet, presumed to be ellipsoidal [7, 38]. The critical
field of the transition found by analyzing the behaviour of β2 with
increasing magnetic fields (shown in dashed red in Figure 9) matches
very closely to the energy minimization prediction.
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5.2.3 Re-entrant transition

Figure 10: The logarithmic increment of the starfish mode n = 2 of
a droplet with µ = 10 becomes positive at Bm ≈ 18, indicating a
transition to a prolate shape, which is reversed at large fields, when the
droplet becomes oblate again – this re-entrant transition was predicted
and observed in [6].

The droplet energy minimization approach [7, 38] shown in blue in
Figure 9, as well as experimental observations [6] at large enough mag-
netic fields (Bm � 70) predict the droplet undergoing a prolate-oblate
transition – reverting back to its pancake-like shape.

We observe a qualitatively similar result in the analysis of Fourier
modes A2 of slightly perturbed ellipsoidal droplets, where in stronger
magnetic fields Bm � 50 the growth increment β2 becomes negative
again, indicating the decay of the n = 2 mode and thus allowing the
droplet to re-enter its oblate form again.

The difference of the re-entrant field values might have hint at
the limits of the ellipsoidal approximation used in deriving the critical
field in the energy minimization approach.

25



6 Conclusion

6.1 Discussion

The development of the boundary element method algorithm for three-
dimensional magnetic fluid free interface dynamics allows to validate
various relations describing their behavior and may be compared with
experimental data, thus providing insight regarding the physical prop-
erties of the concentrated phase of magnetic colloids. These colloids
can have many interesting properties due to their highly magnetic na-
ture – such as dependence of rheological properties or surface tension
on the magnetic field.

The newly created numerical tool has been tested against some
theoretical solutions where possible – equilibrium curves of droplet
elongation in constant magnetic fields with various relative magnetic
permeability µ values, the exponential decay of small elongations un-
der surface tension without external magnetic fields, the dynamical
behaviour around the hysteresis bottleneck instability regions, as well
as droplet dynamics in various rotating field configurations and the
critical fields for oblate–prolate transition. These tests allow to probe
the limits of various theoretical approximations and assumptions often
used in description of magnetic fluid droplets, for a notable example,
the assumption of ellipsoidal shape.

The correspondence of theoretical predictions with numerical
results also extends the application limits of the simple magnetic fluid
model description of these droplets, which seem to be a rather new kind
of soft magnetic matter with a priori nontrivial physical properties.

The algorithm has also been shown to be appropriate in predic-
tion of full three-dimensional droplet dynamics with arbitrary droplet-
fluid viscosity ratios in uniform fields, both static and rotating up to
moderately large droplet deformations. This is important, as experi-
mentally magnetic fluid droplets are not usually axisymmetric and so
have to be described carefully in 3D, and can reach viscosity ratios
of λ ≈ 100. The algorithm also allows to explore droplet dynamics
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in rotating magnetic fields of moderate frequencies, where the fast–
rotating field averaging approximation does not hold, which has not
been previously possible.

In addition, the algorithm can capture the expected character-
istic behaviour of magnetic fluid droplets in rotating magnetic fields, in
particular, following the external field at low rotation frequencies and
exhibiting a back-and-forth motion at moderately fast fields, similarly
to solid magnetic rods or particles, as well as the droplet undergoing
the oblate–prolate–oblate transition at fast rotating fields of increasing
strength.

However, the algorithm is currently limited in its ability to sim-
ulate large deformations of the droplet. It also is unable to simulate
a symmetrical appearance of the starfish instability modes without an
artificial perturbation of the droplet’s shape. The unperturbed starfish
instability modes possessed a certain asymmetry both in their angular
position and their length as well. In order to speed up the simula-
tion times, the node removal routine in regions of small surface cur-
vature should be implemented, as has been demonstrated previously
[31]. Moreover, the existing algorithm version relies on assumptions
of uniform surface tension and linear magnetization of the droplet.
And finally, the present algorithm cannot handle topological changes
of droplets like coalescence or breakup, as well as multiple drops inter-
acting. It is, however, possible to extend the BEM algorithm to these
cases[30].

A notable contribution of this work is the numerical confirma-
tion of the main characteristics of magnetic fluid droplet behavior in
static and rotating fields. This allows for the study of droplet dynam-
ics in highly non–equilibrium situations not tractable at present by any
theoretical approach, as well as exploring various phenomena that may
be sensitive to the precise values of multiple physical parameters of
either the droplet or its surroundings.
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6.2 Main conclusions

• When the “starfish” instability modes of a droplet in a rotating
field compete, the mode appearing first may not turn out to be
the dominant one.

• Analysis of droplet surface perturbation evolution allows to pre-
cisely determine the magnetic field thresholds above which the
manisfestation of particular “starfish” instability modes is possi-
ble.

• Higher “starfish” instability modes require stronger magnetic fields
to appear.

• Fluid magnetic objects can exhibit back-and-forth motion in ro-
tating magnetic fields, similarly to their solid counterparts.

• The model of an infinitely long cylindrical magnetic fluid droplet
[43] overestimates the critical field at which the “starfish” insta-
bility occurs, possibly due to an underestimate of the capillary
forces.

• The simple model of a magnetic fluid droplet is sufficient to cap-
ture the various complex surface dynamics of the droplet in exter-
nal fields, in spite of the additional assumptions of linear magnetic
susceptibility and uniform surface tension.

6.3 Thesis

Using simulations of boundary integral equations it is possible to fully
describe the three-dimensional free interface dynamics of magnetic fluid
droplets.
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