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THE SOLUTION OF NONSTATIONARY RATIONAL
EXPECTATIONS MODELS

VIKTORS AJEVSKIS

Riga Technical University

Zunda embankment 10, Riga LV-1048, Latvia

E-mail: Viktors.Ajevskis@rtu.lv

In economics, rational expectations models are those that include forward-looking variables de-
fined as expectations of endogenous variables. The spectral decomposition of a linearized dynamical
system into stable and unstable components provides a condition for the existence and uniqueness
of solutions to rational expectations models (see, for example, [1] and [2]). Moreover, the dimension
of the unstable subspace must equal the number of forward-looking variables. In this study, we
examine the case in which eigenvalues lie on the unit circle in the complex plane.

Our main finding is that, in linear models, eigenvalues corresponding to both the stable and
unstable subspaces may lie on the unit circle, and eigenvalues corresponding to the unstable subspace
may even lie strictly inside the unit circle while still guaranteeing existence and uniqueness of
the solution; thus, the stable–unstable decomposition is governed by spectral ordering rather than
by location relative to the unit circle. By contrast, under nonlinear perturbations, existence and
uniqueness require that the dimension of the unstable subspace equals the number of forward-looking
variables, whereas eigenvalues corresponding to the stable subspace may lie on the unit circle.

We consider the rational expectations model in the following form:[
xt+1

Etyt+1

]
= A

[
xt
yt

]
+N(xt, yt) +

[
εt+1

0

]
, (1)

where xt is an n1×1 vector of predetermine variables with x0 given, yt is an n2×1 vector of forward
looking variables, and ε is a white noise with covariance matrix Ω and finite moments, N(· , ·) is
a smooth function with N ′(0, 0) = 0. The problem is to find a stable solution (xt, yt) to (1) for a
given initial condition (x0). A process is called stable if its unconditional expectations are bounded.

Theorem 1. The problem (1) has a unique solution if the spectrum of the matrix A has the following
structure:
λ = {λ−1 , . . . , λ−n1

, λ+n1+1, . . . , λ
+
n1+n2

|
∣∣∣λ−i ∣∣∣ ≤ 1,

∣∣∣λ+j ∣∣∣ > 1}.
If N(xt, yt) ≡ 0, (i.e. the model is linear), then the problem (1) has a unique solution if

maxi

∣∣∣λ−i ∣∣∣ < minj

∣∣∣λ+j ∣∣∣.
In particular, some eigenvalues λ+j , j = n1 + 1, . . . , n1 + n2 may lie inside the unit circle.

REFERENCES

[1] V. Ajevskis. Semi-global solutions to DSGE models: perturbation around a deterministic path. Studies in Non-
linear Dynamics and Econometrics, 21 (2):1–28, 2014.

[2] O. Blanchard, C. Kahn. The solution of linear difference models under rational expectations. Econometrica, 48
(5):1305–1311, 1980.
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COMPUTATION OF NONLINEAR PULSE
PROPAGATION IN OPTICAL FIBERS

SHALVA AMIRANASHVILI1, RAIMONDAS ČIEGIS2

1Weierstrass Institute for Applied Analysis and Stochastics

Anton-Wilhelm-Amo street 39, 10117 Berlin, Germany

2Vilnius Gediminas Technical University

Saulėtekio avenue 11, Vilnius LT-10223, Lithuania

E-mail: shalva.amiranashvili@wias-berlin.de, raimondas.ciegis@vilniustech.lt

Solving the Generalized Nonlinear Schrödinger Equation (GNLSE) for ultrashort pulses in optical
fibers is a highly challenging task, particularly in the regime of extreme spectral broadening [1]. The
GNLSE requires the resolution of ultrashort temporal scales (femtoseconds) and extremely wide
spectral bandwidths (spanning multiple octaves).

One major difficulty arises from approximating the propagation constant β(ω) by a Taylor poly-
nomial, which diverges toward the edges of a wide frequency grid. As a result, the phase factor
exp(iβ(ω)∆z) exhibits rapid oscillations at high frequencies, forcing the use of prohibitively small
step sizes ∆z and leading to severe numerical stiffness.

Another challenge stems from the cubic Kerr nonlinearity, which effectively triples the spectral
width of the pulse. The newly generated high-frequency components may exceed the Nyquist
limit and reappear on the opposite side of the spectrum due to aliasing. Moreover, these spurious
“ghost frequencies” can satisfy phase-matching conditions with physical modes, leading to artificial
nonlinear resonances and unphysical spectral growth. Notably, such instabilities cannot be mitigated
by simply reducing ∆z.

In addition, incorporating the Raman effect requires computationally expensive fast Fourier trans-
forms at each sub-step of time-stepping schemes such as RK4. The corresponding response function
decays slowly in frequency (∝ 1/ω2), necessitating a dense and wide spectral discretization.

In this presentation, we discuss recent advances in splitting methods [2; 3; 4; 5] that to some extent
address these challenges. We also highlight further applications of operator splitting techniques in
this context [6].

REFERENCES

[1] J.M. Dudley, G. Genty, S. Coen. Supercontinuum generation in photonic crystal fiber. Reviews of Modern Physics,
78 (4):1135–1184, 2006.

[2] S. Amiranashvili, M. Radziunas, U. Bandelow, K. Busch, R. Čiegis. Additive splitting methods for parallel solutions
of evolution problems. Journal of Computational Physics, 436, 110320, 2021.

[3] F. Severing, U. Bandelow, S. Amiranashvili. Spurious four-wave mixing processes in generalized nonlinear
Schrödinger equations. Journal of Lightwave Technology, 41 (16):5359–5365, 2023.

[4] S. Amiranashvili, R. Čiegis. Stability of the higher-order splitting methods for the nonlinear Schrödinger equation
with an arbitrary dispersion operator. Mathematical Modelling and Analysis, 29 (3):560–574, 2024.

[5] S. Amiranashvili, U. Bandelow, R. Čiegis. Stability of the additive splitting methods for the generalized nonlinear
Schrödinger equation. Mathematics, 13 (8):1301, 2025.

[6] R. Čiegis, S. Amiranashvili. On the stability and efficiency of high-order parallel algorithms for 3D wave problems.
Mathematical Modelling and Analysis, 30 (3):553–570, 2025.
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EXISTENCE OF A NONNEGATIVE SOLUTION
FOR A (p, q)-LAPLACIAN SYSTEM
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ALEKSEJS ANTOŅUKS

Department of Mathematics, University of Latvia

Jelgavas street 3, Riga LV-1004, Latvia

E-mail: aleksejs.antonuks@lu.lv

The Laplacian (or Laplace operator) ∆u = div∇u is one of the most famous second-order differ-
ential operators in Rn. The nonlinear generalization of the Laplacian is called the p -Laplacian and is
defined by ∆pu = div

(
|∇u|p−2∇u

)
, where usually p ∈ (1,+∞). The p -Laplacian has applications,

for instance, in non-Newtonian mechanics, nonlinear elasticity, blood flow models; see [1].
It is well-known that it is possible to reduce partial differential equation to ordinary differential

equation by assuming that a solution is radially symmetric, i.e. the solution depends only on radius
in spherical coordinate system; see [2; 3]. Let B be the unit open ball in Rn centered at the origin
and consider ∆pu = −f(|x|, u), x ∈ B. By setting r = |x|, u(x) = u(r) and f(|x|, u) = f(r, u), the
preceding equation is reduced to [rn−1ϕp(u

′)]′ = −rn−1f(r, u), r ∈ (0, 1), where ϕp(u) = |u|p−2 u is
called the p -Laplacian homeomorphism.

We present the existence result for the following higher-order (p, q)-Laplacian system[
rn−1ϕp

(
u(N−1)

)]′
= −rn−1f1

(
r, u, v

)
, r ∈ (0, 1), n,N ∈ N, N ≥ 2,[

rn−1ϕq
(
v(N−1)

)]′
= −rn−1f2

(
r, u, v

)
, r ∈ (0, 1),

endowed with nonlocal, nonlinear boundary conditions

u′(0) = u′′(0) = · · · = u(N−1)(0) = 0, u(1) = k1 u
(α)(a) v(β)(b),

v′(0) = v′′(0) = · · · = v(N−1)(0) = 0, v(1) = k2 u
(γ)(c) v(δ)(d).

Here a, b, c, d ∈ (0, 1), α, β, γ, δ ∈ N and 1 ≤ α, β, γ, δ ≤ N − 1.
We prove the existence of a nonnegative solution by applying classical results of the fixed point

index theory. To illustrate the obtained result an example is considered.

REFERENCES

[1] S.A. Iyase, K.S. Eke. Higher-order p -Laplacian boundary value problem at resonance on an unbounded domain.
Helyion, 6 (9): e04826, 2020.

[2] R. Precup, P. Pucci, C. Varga. Energy–based localization and multiplicity of radially symmetric states for the
stationary p -Laplace diffusion. Complex Var. Elliptic Equ., 65 (7):1198–1209, 2020.

[3] R. Precup, J. Rodŕıguez-López. Positive radial solutions for Dirichlet problems via a Harnack-type inequality.
Math. Method Appl. Sci., 46 (2):2972-2985, 2023.
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WALDO ARRIAGADA

New Uzbekistan University
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In this talk we consider the ϕ -Laplacian problem with Dirichlet boundary condition −div
(
ϕ(|∇u|) ∇u

|∇u|

)
= λ g(·)ϕ(u) in Ω, λ ∈ R,

u|∂Ω = 0.

The term ϕ is a real odd and increasing homeomorphism, g is a nonnegative function in L∞(Ω)
and Ω ⊂ RN is a bounded domain. We analyze the asymptotic behavior of sequences of eigenvalues
of the differential equation under mild hypotheses. The treatment is based solely on convergence
assumptions on the associated sequence of eigenfunctions. We assume that the latter is asymptotic
to either zero or infinity (in the sense of the Luxemburg norm). The core result of this talk establishes
that the lim inf of the associated sequence of eigenvalues coincides with the first eigenvalue of the
usual p -Laplace operator, both at zero and near infinity. Moreover, we demonstrate that any weak-⋆
limit of the eigenfunctions is an associated ground state.

REFERENCES

[1] W. Arriagada. Matuszewska-Orlicz indices of the Sobolev conjugate Young function. Partial Differential Equations
in Applied Mathematics, 3, 100029, 2021.
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of Functional Analysis, 14 (3):237–252, 1973.

[5] M. Garćıa-Huidobro, V.K. Le, R. Manásevich, K. Schmitt. On principal eigenvalues for quasilinear elliptic differ-
ential operators: An Orlicz-Sobolev space setting. NoDEA Nonlinear Differential Equations Appl., 6 (2):207–225,
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[6] J.P. Gossez, R. Manásevich. On a nonlinear eigenvalue problem in Orlicz-Sobolev spaces. Proc. of the Royal Society
of Edinburgh: Section A Mathematics, 132 (4):891–909, 2002.

[7] J. Huentutripay, R. Manásevich. Nonlinear eigenvalues for a quasilinear elliptic system in Orlicz-Sobolev spaces.
Journal of Dynamics and Differential Equations, 18 (4):901–929, 2006.

[8] J. Karamata. Sur un mode de croissance régulière. Théorèmes fondamentaux. Bull. Soc. Math. France, 61, 55–62,
1933.

[9] I. Sim, R. Kajikiya, Y.H. Lee. On a criterion for discrete or continuous spectrum of p -Laplace eigenvalue problems
with singular sign-changing weights. Nonlinear Analysis: Theory, Methods & Applications, 72 (7):3515–3534,
2010.

[10] A. Szulkin. Ljusternik-Schnirelmann theory on C1-manifolds. Annales de l’Institut Henri Poincaré C, Analyse
non linéaire, 5 (2):119–139, 1988.
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MODELLING OF MECHANICAL MIXING IN YAG
CRYSTAL SYNTHESIS

ROKAS ASTRAUSKAS

Institute of Computer Science, Vilnius University

Didlaukio street 47, Vilnius LT-08303, Lithuania

E-mail: rokas.astrauskas@mif.vu.lt

In this work, we model the synthesis of yttrium aluminum garnet (YAG) crystal using a system
of reaction-diffusion equations [1]:

∂c1
∂t

= D1∆c1 − 3kc1c2,

∂c2
∂t

= D2∆c2 − 5kc1c2, x ∈ V, t ∈ (0, T ],

∂c3
∂t

= 2kc1c2,

where ci(x, y, t) represents the concentrations of the substances, V = (0, a)3 is the simulation domain
containing eight square particles, a is the particle size, and T is the synthesis duration. We use
Neumann boundary conditions, which imply symmetry and enable the entire reaction to be modelled
in a small region V :

∂ci
∂n

∣∣∣∣
∂V

= 0.

The parameters of the equations were calculated in a previous study [2]. The problem was solved
numerically using the finite difference methods in three dimensions, as well as in two dimensions for
faster and more convenient analysis.

In the actual YAG synthesis process, mixing is performed at a certain point, during which the
reaction is halted and the reactants are mechanically mixed by rearranging the particles and their
relative positions. We propose two methods to model this: ideal mixing, where particles in the
region V are exchanged by optimally shifting them diagonally, and random mixing, where each
particle is shifted and rotated randomly.

Using these models, we investigate how mixing process accelerates the synthesis and calculate the
optimal mixing moment for faster synthesis completion. Furthermore, we examine how acceleration
depends on whether a two-dimensional or three-dimensional model is used. Finally, we demonstrate
how the synthesis speed and mixing efficiency depend on the size of the simulation domain by
increasing the number of simulated particles.

REFERENCES

[1] V. Šumskas, F. Ivanauskas, A. Kareiva, A. Pakalnǐskis, R. Astrauskas. Yttrium aluminum garnet synthesis: Anal-
ysis of yield factors using modeling. Chemical Engineering Research and Design, 227, 657–664, 2026.

[2] M. Mackevičius, F. Ivanauskas, A. Kareiva, D. Jasaitis. A closer look at the computer modelling and sintering
optimization in the preparation of YAG. Journal of Mathematical Chemistry, 50, 2291–2302, 2012.

7



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

THE SECOND ORDER ORDINARY DIFFERENTIAL
EQUATIONS WITH AN ARBITRARY NUMBER OF
PERIOD ANNULI

S. ATSLEGA1,2, F. SADYRBAEV1,3

1Institute of Mathematics and Computer Science, University of Latvia

Raina blvd. 29, Riga LV-1459, Latvia

2Latvia University of Life Sciences and Technologies

Liela street 2, Jelgava LV-3001, Latvia

3Daugavpils University

Parades street 1, Daugavpils LV-5401, Latvia

E-mail: svetlana.atslega@lbtu.lv, felix@latnet.lv

The theory of nonlinear oscillators is a crucial component of the theory of ordinary differential
equations. It has multiple applications in various fields of science. A single second order nonlinear
differential equation can contain several coexisting families of oscillating solutions. The trivial period
annuli are central regions with an equilibrium of the type center. The nontrivial period annuli that
contain multiple critical points are of special interest. Oscillatory properties of equations containing
multiple period annuli are studied. The configuration of period annuli in a phase plane is in focus.
Two kinds of perturbations are considered. The possibility of producing limit cycles from period
annuli is the first problem. The possibility of producing chaotic behavior is the second one. The
corresponding behaviors of solutions are illustrated, providing appropriate examples.

REFERENCES

[1] S. Atslega, O. Kozlovska, F. Sadyrbaev. On period annuli and induced chaos. WSEAS Transactions on Systems,
23 (17):149–156, 2024.

[2] Y. Kozmina, F. Sadyrbaev. On a maximal number of period annuli. Abstract and Applied Analysis, 2011, 393875,
2011.

[3] J. Llibre, G. Rodŕıguez. Configurations of limit cycles and planar polynomial vector fields. J. Differential Equa-
tions, 198 (2):374–380, 2004.
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SOME RESULTS OF DISCRETE TYPE FOR MELLIN
TRANSFORM OF THE RIEMANN ZETA-FUNCTION

AIDAS BALČIŪNAS1, MINDAUGAS STONCELIS2

1Institute of Mathematics, Faculty of Mathematics and Informatics, Vilnius University

Naugarduko street 24, Vilnius LT-03225, Lithuania

2Institute of Regional Development, Šiauliai Academy, Vilnius University

Vytauto street 84, Šiauliai LT-76352, Lithuania

E-mail: aidas.balciunas@mif.vu.lt, mindaugas.stoncelis@sa.vu.lt

Our report is devoted to value distribution of the Mellin transform

Z(s) =

∫ ∞

1

∣∣∣ζ ( 1
2 + ix

)∣∣∣4 x−s dx, s = σ + it ∈ C, σ > 1,

of the Riemann zeta-function. The function Z(s) has meromorphic continuation to the whole
plane C. We consider the distribution of discrete shifts Z(s + iψ(k)) for k ∈ N0, s ∈ D, where
D = {s ∈ C : 5/6 < σ < 1}, with a certain differentiable function ψ(u) such that

sup
σ∈(5/6,1)

1

ψ′(2u)

∫ 2ψ(2u)

0

|Z(σ + it)|2 dt = O(u)

as u → ∞. Denote by H(D) the space of analytic functions on D equipped with the topology of
uniform convergence on compact sets, and define the probability measure

QN (A) =
1

N + 1
#{0 6 k 6 N : Z(s+ iψ(k)) ∈ A}, A ∈ B(H(D)),

where #B is the cardinality of a set B ⊂ R, and B(H(D)) is the Borel σ-field of H(D).

Theorem 1. QN converges weakly to the measure Q degenerated at the point f(s) ≡ 0 as N → ∞.

Theorem 1 is applied for approximation of the function f(s) ≡ 0 by shifts Z(s+ iψ(k)).

Theorem 2. Suppose that K ⊂ D is an arbitrary compact set. Then

lim inf
N→∞

1

N + 1
#

{
0 6 k 6 N : sup

s∈K
|Z(s+ iψ(k))| < ε

}
> 0.

Moreover, the lower limit can be replaced by a limit for all but at most countably many ε > 0.

Proofs of Theorems 1 and 2 are given in [1].

REFERENCES

[1] V. Garbaliauskienė, R, Macaitienė, A. Rimkevičienė, M. Stoncelis, D. Šiaučiūnas. On discrete value distribution
of the Mellin transform of the fourth power of the Riemann zeta-function. Axioms, submitted.
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MAPPED COERCIVE NONLINEAR OPERATORS AND
APPLICATIONS TO SADDLE-POINT PROBLEMS

ROLAND BECKER, MALTE BRAACK

University of Kiel

Mathematisches Seminar, Heinrich-Hecht-Platz 6, 24118 Kiel, Germany

E-mail: braack@math.uni-kiel.de

In this talk we address the challenge of proving the existence of solutions for nonlinear equations
in Banach spaces, focusing on the Navier-Stokes equations and their discretizations. Traditional
methods, such as monotonicity-based approaches and fixed-point theorems, often face limitations in
handling general nonlinear operators or finite element discretizations. A novel concept, mapped
coercivity, provides a unifying framework to analyze nonlinear operators through a continuous
mapping. We apply these ideas to saddle-point problems in Banach spaces, emphasizing both
infinite-dimensional formulations and finite element discretizations. Our analysis includes stabiliza-
tion techniques to restore coercivity in finite-dimensional settings, ensuring stability and existence
of solutions. For linear problems, we explore the relationship between the inf-sup condition and
mapped coercivity, using the Stokes equation as a case study. For nonlinear saddle-point systems,
we extend the framework to mapped coercivity via surjective mappings, enabling concise proofs
of existence of solutions for various stabilized Navier-Stokes finite element methods. These include
Brezzi-Pitkäranta, a simple variant, and local projection stabilization techniques, with extensions to
convection-dominant flows. The proposed methodology offers a robust tool for analyzing nonlinear
PDEs and their discretizations, bypassing traditional decompositions and providing a foundation
for future developments in computational fluid dynamics.

REFERENCES

[1] R. Becker, M. Braack. Mapped coercivity for the stationary Navier-Stokes equations and their finite element
approximations. Comp. Meth. Appl. Math., 25 (3):547–560, 2025.

[2] R. Becker, M. Braack. The concept of mapped coercivity for nonlinear operators in Banach spaces. J. Funct.
Anal., 289 (3):110893, 2025.
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QUALITY ASSESSMENT OF A STATE SORTING
ALGORITHM FOR BI-STABLE SYSTEMS WITH
INTERMITTENT SWITCHING

DIDZIS BERENIS

Institute of Physics, University of Latvia

Jelgavas street 3, Riga LV-1004, Latvia

E-mail: didzis.berenis@lu.lv

A variation of the algorithm, which was initially developed for finding states of a bi-stable hy-
drodynamical system in a transition to turbulence [1], is tested for turbulent cases, where the
fluctuations around each of the attractor overlap with one another.

vi(x) =

∫
|s(t) − i|v(x, t)dt∫

|s(t) − i|dt
, i = 0, 1. (1)

The algorithm works as a post processing utility, which initially utilizes a provided state indicating
signal, s(t), for example probed velocity or a global measure, to find the time-averaged velocity for
each state from eq. (1). Next, the integral flow kinetic energy of each state over the liquid volume
V is found from eq. (2), which is then provided as the new input, s(t), for the next iteration.

ei(t) =
1

V

∫
0.5||vi(x) − v(x, t)||2dV, i = 0, 1. (2)

In practice, there can be difficulties in finding a clean separation between the two states if the
initial provided signal is too far off from the true state switching transient or is too noisy. Apart
from a bad choice of a measure, one of the reasons for a bad initial signal could be failed transitions.
Additionally, depending on the specific set of system parameters, it is possible that the switch does
not occur and the system can remain in a symmetric regime or it becomes fixed in an asymmetric
regime [2]. This can cause a detection of false states with the present form of the algorithm.
Acknowledgment. This study has been financed by the project “Algorithm and numerical

tool development and experimental validation for directly seeking solution to industrially relevant
bistable hydrodynamical systems” under grant No. 1.1.1.9./LZP/1/24/182 and project “Magnetic
control of bubble flow in liquid metal for metallurgical and chemical engineering technologies” under
grant No. lzp-2025/1-0174.

REFERENCES

[1] D. Berenis, I. Grants. Experimental and numerical investigation of bistability in rotating permanent magnet-
generated electrolyte flow in a ring-shaped container. Physics of Fluids, 34 (12):1070–6631, 2022.
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NUMERICAL RECONSTRUCTION OF INVERSE ROBIN
SPECTRAL PROBLEM FOR THE p -LAPLACE
OPERATOR

FARID BOZORGNIA

New Uzbekestan University

Movarounnahr street 1, Mirzo Ulugbek district, Tashkent 100007, Uzbekistan

E-mail: f.bozorgnia@newuu.uz

We investigate an inverse Robin spectral problem for the p -Laplace operator on a bounded do-
main with mixed Dirichlet-Robin boundary conditions. The aim is to identify an unknown Robin
coefficient on an inaccessible boundary portion from spectral information and boundary flux data
measured on an accessible part.

We first establish a thin-coating asymptotic limit that extends the classical result of Friedlander
and Keller from the linear Laplacian to the nonlinear p -Laplacian. The analysis yields an effective
Robin law in which the induced coefficient depends on the coating thickness through a p–dependent
power, making explicit how the nonlinearity enters via conductivity scaling. We then prove the
uniqueness of the Robin coefficient by linearizing the forward map and combining the resulting
linearized equation with a boundary Cauchy unique continuation principle. Finally, we obtain a
conditional local Hölder-type stability estimate (with an explicit nonlinear remainder) by combining
Fréchet differentiability of the solution/measurement maps with a quantitative stability bound for
the linearized inverse problem.

Next, we develop numerical methods for reconstructing the Robin coefficient in eigenvalue prob-
lems for the p -Laplacian operator from partial boundary measurements. Building on the theoretical
framework, we formulate the reconstruction as a regularized least-squares optimization problem and
derive efficient gradient computation via adjoint calculus, requiring only one forward and one adjoint
solve per iteration.

REFERENCES

[1] A. Friedman. Reinforcement of the principal eigenvalue of an elliptic operator. Arch. Rational Mech. Anal., 73,
1–17, 1980.

[2] M. Santacesaria, T. Yachimura. On an inverse Robin spectral problem. Inverse Problems, 36 (7):075004, 2020.

[3] F. Bozorgnia, O. Eshkobilov. Inverse Robin spectral problem for the p -Laplace operator. arXiv preprint, arXiv:
2603.07613, 2026.
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WEAKLY NONLINEAR INSTABILITY OF A
CONVECTIVE FLOW GENERATED BY INTERNAL
HEAT SOURCES
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E-mail: natalja.budkina@rtu.lv, andrejs.koliskins@rtu.lv, valentina.koliskina@rtu.lv

We consider an infinitely long plane channel formed by two parallel planes. Viscous incompressible
fluid is located in the region between the planes. The base flow in the vertical direction is generated
by internal heat sources distributed within the fluid. Different types of heat sources are consid-
ered. The problem is described by the system of the Navier-Stokes equations under the Boussinesq
approximation. Linear and weakly nonlinear analysis is performed under the assumption of small
Prandtl numbers. Linear stability calculations are used to determine the range of validity of the
approximation. Weakly nonlinear theory [1] is used to derive an amplitude evolution equation in
the neighborhood of the critical point where the flow is linearly unstable but the growth rate of the
unstable perturbation is small. It is shown that the amplitude evolution equation is the complex
Ginzburg-Landau equation [2]. The coefficients of the equation are expressed in terms of integrals
containing solutions of several boundary value problems obtained at the previous steps of the ex-
pansion procedure. Note that weakly nonlinear analysis is performed in the hydrodynamic limit as
Pr → 0.

A package of computer programs in MATLAB is developed for weakly nonlinear analyses of dif-
ferent types of internal heat sources. The input parameters are: the critical Grashof number, critical
wave number, critical speed of the perturbation and the velocity profile of the base flow (which is
obtained from the solution of the Navier-Stokes equations under the Boussinesq approximation).
Results of numerical calculations are presented.

REFERENCES
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RULE-BASED FRAUD MONITORING MODEL FOR
HETEROGENEOUS MVNO POPULATIONS

ANDREJ BUGAJEV, VIKTORAS CHADYŠAS, RIMA KRIAUZIENĖ
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Rule-based fraud monitoring systems are widely deployed in telecommunications and financial
services [1]. We propose a formal mathematical model of such a system for a mobile virtual network
operator (MVNO), where the monitored entity is a subscriber account characterized by a vector of
usage indicators X = (X(1), . . . , X(R)). Each rule r compares an indicator against a threshold τ (r),
and the alert function

A(X) =
R∨
r=1

1
[
X(r) > τ (r)

]
raises an alert when at least one rule fires. The thresholds τ (r) are the free parameters of the
model, and their calibration is the central modelling problem. A fundamental difficulty arises when
the subscriber population is heterogeneous – composed of subgroups (e.g. prepaid and postpaid
tariff plans) with structurally different usage distributions. Fitting a single threshold vector to the
pooled population is a form of model misspecification: the homogeneous model ignores population
structure, and aggregate behaviour can differ from subgroup behaviour, as in Simpson’s paradox [2].
We discuss how this mismatch leads to systematic miscalibration and propose a stratified model in

which each population segment s receives its own parameter vector τs = (τ
(1)
s , . . . , τ

(R)
s ). Segment

membership is derived from payment metadata, making segmentation itself a modelling decision
based on observable structure. A further challenge is model validation without labelled data: con-
firmed fraud labels are unavailable in operational settings. We address this through proxy quality
indicators – multi-rule co-occurrence rates and temporal activation stability – that serve as indirect
evidence of model consistency [1]. Population heterogeneity across segments is confirmed via non-
parametric rank-based tests [3]. We will show that the stratified model yields more consistent alert
behaviour than the pooled baseline, and the approach is demonstrated on real operational data from
an MVNO.

REFERENCES

[1] V. Chandola, A. Banerjee, V. Kumar. Anomaly detection: A survey. ACM Comput. Surv., 41, 1–58, 2009.

[2] W.G. Cochran. Sampling Techniques. Wiley, 1977.
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ON IMPLEMENTATION OF CGM FOR DISCRETE
INVERSE PARABOLIC PROBLEMS
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We solve a semi-discrete inverse parabolic problem

dU

dt
+AhU = f1(x)g1(t) + f2(t)g2(x), x ∈ Ω ⊂ Rm, m = 1, 2, (1)

to find U, f1, f2 and functions g1, g2 are given, and Ah is a discrete elliptic operator.
A number of additional integral measurements are done if both functions f1, f2 should be deter-

mined. The variational method of minimizing Tikhonov regularization functional is used [1]

arg = min
(f1,f2)∈F

Tα(f1, f2),

Tα(f1, f2)=
1

2
∥l1U−G(x)∥2L2(Ω)+

1

2
∥l2U−H(t)∥2L2(0,T )+

α1

2
∥f1∥2L2(Ω)+

α2

2
∥f2∥2L2(0,T ).

One of our aims is to construct discrete adjoint problems for computation of gradients of the
functional Tα(f1, f2). For example it is shown that if CN discrete scheme is used to approximate
equation (1) then the adjoint problem also defined the CN type scheme

−ψ
n − ψn−1

τ
+Ahψ

n−1/2 = P (U)n−1/2.

Second example deals with the problem (1), when the linear elliptic operator is changed with
nonlocal fractional power operator

−ψ
n − ψn−1

τ
+ (Ah)νψn−1/2 = P (U)n−1/2, 0 < ν < 1.

The third example defines 2D linear parabolic problem (1) for finding only one source function
f2(t). This problem is approximated by ADI type scheme (we use the Peaceman-Rachford Splitting
Method). Again the exact discrete adjoint problem is derived and used in computations.

Application of inverse parabolic equations for Navier-Stokes problems is done in [2].
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TO THE THEORY OF DUFFING EQUATION
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The Duffing equation is considered in a general form

x′′ + δx′ + f(x) = F (t),

where the damping term may be of both signs, f(x) is a nonlinear term, and F (t) is an external
force. We are looking for conditions that lead to pre-chaotic and chaotic behavior of solutions. For
this the energy function for the shortened equation

x′′ + f(x) = 0

is considered. The behavior of the energy function for damping and anti-damping and for various
nonlinearities f(x) is traced. Indications for the external term F (t) are searched that lead to the
desired behavior of solutions.
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WEAK SOLUTION EXISTENCE OF POROUS BIOMASS
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This paper studies a porous-network model for a convection–reaction–diffusion system coupled
with Darcy’s law, arising in biomass pyrolysis. The model describes biomass as a mass that un-
dergoes thermal decomposition into char and volatile compounds [2]. The evolution of volatile
concentration and temperature is governed by a system of reaction–convection–diffusion equations,
while mass conservation is represented by a corresponding mass balance equation [1]. The resulting
coupled system captures the interaction between heat transfer, chemical reaction, and flow through
the porous medium. To prove the existence of a weak solution for the described biomass thermal
decomposition mathematical model we will transform system to stationary case, solve it numerically
and prove it using Schauder’s fixed-point theorem.
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DATA-DRIVEN DISCOVERY OF SIMILARITY LAWS
FOR OCEAN WAVE HEIGHT VIA ATTRIBUTION AND
SYMBOLIC REGRESSION

LEANDRO FARINA, FELIPE C. MINUZZI

Institute of Mathematics and Statistics, Federal University of Rio Grande do Sul

Av. Bento Gonçalves 9500, 91509-900 Porto Alegre, RS, Brazil
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Physics-based wave models rely on empirical closures whose errors may increase when local forcing
interacts with waves generated by remote weather systems. Data-driven surrogates can improve
predictive accuracy, but their predictions are often difficult to express analytically. Here we test
whether a neural surrogate can be reduced to compact and transferable similarity laws for wave-
height response.

Let η = gHs/U
2
10 be the dimensionless wave-height response, where Hs is the significant wave

height and U10 is the 10-m wind speed, and let x ∈ Rd denote dimensionless predictors derived
from the ERA5 reanalysis [3]. We train a feature-mixing surrogate N : Rd → R based on pointwise
(1×1) convolutions. The dominant predictors are identified by integrated-gradient attribution

IGi(x) = (xi − x0i )

∫ 1

0

∂iN
(
x0 + s(x− x0)

)
ds,

where x0 is a reference baseline. Symbolic regression, implemented in SymbWaves [1; 2], is then
applied only to the attribution-selected variables.

In South Atlantic training and out-of-sample tests, the dominant predictor is the wave-age param-
eter β = cp/U10, where cp is the phase speed of the dominant waves, together with a few directional
descriptors. The symbolic search recovers two laws for the same response variable,

η ≈ Cℓβ (locally forced), η ≈ Csβ
α (remotely forced), Cℓ ≈ 0.20, Cs ≈ 0.074, α ≈ 1.8.

These coefficients remain stable under transfer to the North Pacific. A directionally modulated
version of the second relation also recovers a hemispheric sign inversion, consistent with remote
waves arriving from higher-latitude storm tracks in both basins. Thus, attribution-guided symbolic
regression translates a neural wave surrogate into compact mathematical laws suitable for domain
transfer.
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EXTENDING THE MEAN-VARIANCE FRAMEWORK:
A MEAN-RISK APPROACH TO PORTFOLIO
OPTIMIZATION
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In this work, we propose an extension of the classical mean–variance approach, as first formulated
by Markowitz, by deriving a portfolio optimization approach that accounts for an alternative risk
measure – the quadratic risk measure. Using the Lagrange multiplier method, we derive funda-
mental propositions of portfolio theory, extending our previous results obtained within the mean–
variance framework, in terms of mathematical completeness [1]. We derive the respective optimality
conditions and provide explicit formulas to characterize efficient portfolios for this alternative risk
measure. By doing so, we enhance the mathematical foundations of modern portfolio theory beyond
the mean–variance approach.
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JOINT LIMIT THEOREMS FOR EPSTEIN AND
HURWITZ ZETA-FUNCTIONS
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In the talk, we shall discuss joint limit theorems on weak convergence for probability measures
defined by continuous and discrete shifts of the Epstein and Hurwitz zeta-functions.

Let Z be the set of all integer numbers, and Q a positive defined quadratic matrix of order n ∈ N.
The Epstein zeta-function ζ(s;Q), for σ > n

2 , is defined by the series

ζ(s;Q) =
∑

x∈Zn\{0}

(
xTQx

)−s
.

Moreover, ζ(s;Q) has analytic continuation to the whole complex plane except for a simple pole at
the point s = n

2 which is a simple pole with residue πn/2(Γ(n2 )
√

detQ)−1, where Γ(s) is the Euler
gamma-function.

Let 0 < α ≤ 1 be a fixed parameter. The Hurwitz zeta-function ζ(s, α) is defined, for σ > 1, by
the series

ζ(s, α) =
∞∑
m=0

1

(m+ α)s

and is analytically continuable to the whole complex plane, except for a simple pole at the point
s = 1 with residue 1.

In [1], a probabilistic limit theorem was obtained for the pair ζ(s, α;Q) = (ζ(s;Q), ζ(s, α)). This
result was of continuous type. The purpose of this talk is to present a joint limit theorem on
weak convergence for probability measure defined by discrete shifts of the Epstein and Hurwitz
zeta-functions. An explicit form of the limit measures will be given. Moreover, certain restrictions
necessary for the proof of the theorem will also be discussed.
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Arbitrary infinite system P = {pn}, 1 < p1 6 · · · 6 pn 6 · · · , limn→∞ pn = ∞, is called general-
ized prime numbers. The system P generates generalized integers of the form pα1

1 · · · pαr
r , pj ∈ P,

αj ∈ N0, j = 1, . . . , r, r ∈ N. Generalized prime numbers were introduced by A. Beurling in 1937.
For investigation of the distribution of generalized primes, he defined certain zeta-functions. Let
NP denote the system of generalized integers. Then, for σ > σP , the Beurling zeta-function ζP(s)
is defined by

ζP(s) =
∑
m∈NP

1

ms
, or by ζP(s) =

∏
p∈P

(
1 − 1

ps

)−1

. (1)

The value σP is closely connected to the summatory function MP(x) =
∑
m6x, m∈NP

1. For
example, if

MP(x) − ax≪ xθ, a > 0, 0 6 θ < 1, (2)

then, for σ > 1, the function ζP(s) can be defined by the series or product as in (1), and has
meromorphic continuation to the half-plane σ > θ.

Let σP = max(θ, σ̂), where σ̂ is infimum of σ, for which ζP(s) has a bounded mean square. Set
DP = {s ∈ C : σ ∈ (σP , 1)} and denote by H(DP) the space of analytic functions on DP . Then in
[1] the following theorem has been proved.

Theorem 1. Suppose that (2) is valid. Then there exists a closed non-empty set FP ⊂ H(DP) such
that, for all compact sets K ⊂ DP , f(s) ∈ FP and ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K

∣∣ζP(s+ iτ) − f(s)
∣∣ < ε

}
> 0.

Our report is devoted to a joint generalization of Theorem 1. Let Pj be the systems of generalized
primes satisfying estimates of type (2), ζPj (s) corresponding Beurling zeta-functions, and σPj ,
j = 1, . . . , r. Define Hr = Hr(DP1 , . . . , DPr ) = H(DP1) × · · · ×H(DPr ). Then we have

Theorem 2. Under the above hypotheses, there exists a closed non-empty set FP1,...,Pr ⊂ Hr such
that, for compact sets Kj ⊂ DPj , j = 1, . . . , r, (f1(s1), . . . , fr(sr)) ∈ FP1,...,Pr and ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

16j6r
sup
sj∈Kj

∣∣ζPj (sj + iτ) − fj(sj)
∣∣ < ε

}
> 0.
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[1] A. Laurinčikas. On value distribution of certain Beurling zeta-functions. Mathematics, 12 (3):459, 2024.

21



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

ASYMPTOTICS FOR ROD LIKE STRUCTURES WITH
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We consider the spectrum of the Laplace operator on 3D rod structures with a small variable
cross section which depends on a small parameter ε. We focus on the low frequencies. We show the
different asymptotic behavior of the eigenvalues and the corresponding eigenfunctions, when ε→ 0,
depending on the conditions imposed on the bases of this structure and on the lateral boundary.
Based on joint works with P. Benavent-Ocejo and M.-E. Pérez-Mart́ınez.
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Suppose that a = {am : m ∈ N} is a periodic sequence of complex numbers with period q. The
periodic zeta-functions ζ(s; a), s = σ + it, is defined, for σ > 1, by the Dirichlet series

ζ(s; a) =
∞∑
m=1

am
ms

,

and has analytic continuation to the whole complex plane, except for a possible simple pole at the
point s = 1 with residue r = q−1

∑q
k=1 ak. If r = 0, then ζ(s; a) is an entire function.

In the report, we additionally suppose that the sequence a is multiplicative (am1m2
= am1

am2

for all coprimes m1 and m2, and a1 = 1). Let D = {s ∈ C : 1/2 < σ < 1}, K be the class of
compact subsets of the strip D with connected complements, and H0(K) with K ∈ K the class of
non-vanishing analytic functions on K. Denote by measA the Lebesgue measure on R. Our main
result is the following theorem.

Theorem 1. Suppose that a is a periodic multiplicative sequence, and T 23/70 6 V 6 T 1/2. Then,
for every K ∈ K, f(s) ∈ H0(K) and ε > 0,

lim inf
T→∞

1

V
meas

{
τ ∈ [T, T + V ] : sup

s∈K
|ζ(s+ iτ ; a) − f(s)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

V
meas

{
τ ∈ [T, T + V ] : sup

s∈K
|ζ(s+ iτ ; a) − f(s)| < ε

}

exists and is positive for all but at most countably many ε > 0.

The latter theorem extends a similar result obtained in [2] for V = T . Moreover, identifies the
set Fa introduced in [1] of analytic on D functions that functions can be approximated by shifts
ζ(s+ iτ ; a) with arbitrary periodic sequence a.
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Credit default prediction is a binary classification problem

f : Rd → [0, 1], f(x) ≈ P(Y = 1 | X = x), (1)

with class imbalance and interpretability constraints [2]. Ensemble models (Random Forest, XG-
Boost, LightGBM) achieve high accuracy but introduce an accuracy–interpretability trade-off [5].
Performance is evaluated by AUC [3], with imbalance handled via resampling and cost-sensitive
learning.

Feature attribution for f(x) in (1) is viewed as distributing the total payoff of a cooperative game
among features, treated as players. This yields the additive decomposition

f(x) = ϕ0 +

d∑
i=1

ϕi(x), (2)

with characteristic function v(S) = E[f(x) | xS ], S ⊆ N [6; 8]. The allocation is computed using
the Shapley value [8]:

ϕi =
∑

S⊆N\{i}

|S|!(d− |S| − 1)!

d!

[
v(S ∪ {i}) − v(S)

]
, (3)

yielding the decomposition (2), but (3) becoming unstable under feature dependence and class
imbalance [4].

We therefore consider structure-aware extensions (Banzhaf, Owen, Myerson) with grouping and
graph constraints [1; 6; 7], and propose a Redistributed Myerson method for improved stability.
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In many real-world networks, network visibility is an important limitation. For example in eco-
logical networks we typical have information on some, but not all, of the nodes. The same is true
for many technological and organizational networks: some nodes are easily observable while others
remain hidden. Fortunately, we can sometimes infer systemic properties already from the existence
of a small subgraph, which is then called a functional motif. For example the competitive-exclusion
principle states that an ecological foodweb cannot be dynamically stable if it contains two uncon-
trolled predators that feed on the same prey. So this principle allows a conclusion on the systemic
dynamical stability based on the presence of a small motif, which has led to many discoveries. In
this talk I will discuss the conditions under which asymptotic instability originates in small motifs
(spoiler: very rarely) [1]. I then show that the situation is different for reactivity, an alternative
stability metric [2], because every subgraph is a functional reactivity motif [1]. Along the way I
will illustrate the approach of generalized modelling [3], which greatly facilitates the calculations.
In summary, this talk discusses conditions for the localization of dynamical instabilities in network
motifs and highlights reactivity as an interesting alternative metric of dynamical stability.
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This work studies two mathematically grounded approaches for obtaining representative compar-
ison values in multicriteria decision-making problems. The first approach relies on transitive fuzzy
equivalence relations generated by continuous Archimedean t-norms through additive generators [1],
transforming distances into similarity values on the unit interval. In contrast, the second approach
operates directly in the metric space using metric aggregation functions [2], producing a single global
distance measure.

The main contribution is illustrated through an orthodontic example in which a standard treat-
ment method is used as a reference and two alternative methods are compared according to how
closely they reproduce the standard outcome. The comparison is performed for eight teeth de-
scribed by three-dimensional movements. For each patient and tooth, Euclidean distances between
the standard and alternative predictions are computed and aggregated in two ways. In the fuzzy-
equivalence approach, distances are transformed into similarity scores in [0, 1], where values closer
to 1 indicate higher similarity, while in the metric approach smaller aggregated distances indicate
better agreement.

The study also shows that both frameworks can incorporate expert preferences through weights
and adapt to different application contexts. Since fuzzy-equivalence aggregation provides normal-
ized similarity scores that are easier to interpret and communicate, it may be preferable when
interpretability is essential.
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We present our results concerning the time-periodic very weak solutions of the heat equation with
a side condition of the prescribed flux

F (t) =
∫
σ
U(x, t)dx

(see [1]). The regularity of very weak time-periodic Poiseuille-type solutions when F ∈W β,2(−π, π),
0 ≤ β ≤ 1, is investigated. We show that the very weak solution corresponding to such F has the
regularity as stated in the definition (see [2; 3]), and it is not better. Furthermore, we discuss
results suggesting a correlation between improvements in solution regularity and the increase in the
regularity of the given function F .
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[3] K. Kaulakytė, N. Kozulinas, K. Pileckas. Time-periodic Poiseuille-type solution with minimally regular flow rate.
Nonlinear Analysis: Modelling and Control, 26 (5):947–968, 2021.

27



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

ON MIXED SIMULTANEOUS APPROXIMATION FOR
CLASSES OF ZETA-FUNCTIONS

ROMA KAČINSKAITĖ
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The first result related to the mixed simultaneous approximation by the shifts of a pair consisting
of the function φ(s) belonging to wide class of Matsumoto zeta-functions M and the periodic
Hurwitz zeta-function ζ(s, α;B) was obtained by R. Kačinskaitė and K. Matsumoto in 2015 (see
[1]). Later, several discrete cases have been studied (see the survey paper [2]).

In the talk, we briefly recall the result on discrete mixed universality for (φ(s), ζ(s, α;B)) ob-
tained by R. Kačinskaitė, K. Matsumoto and  L. Pańkowski in [3], and, next, we present recent
investigations.
Acknowledgment. The research is partially supported by a bilateral grant of the Research

Council of Lithuania (S-LJB-25-1) and the Japan Society for the Promotion of Science (JPJSBP
120254202) for the project “From value distribution until approximation: zeta-functions and their
classes”.
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OWA operators (see [6]) are used mainly in multicriteria decision-making. Grabisch [1] has shown
that any OWA operator with inputs in R+ can be equivalently expressed as Choquet integral with
respect to a symmetric fuzzy measure.

Lizasoain and Moreno [3] studied OWA operators on complete lattices. Later on, it was studied
also by Mesiar et al. [4]. The concept of OWA operators on complete lattices (see e.g. [2] for
information on lattice-theory) was introduced by an admissible order of the input vector. In this
contribution, we use a different method for modelling OWA operators on modular lattices (see
[2]). Particularly, adopt the approach by Grabisch [1]. Given a weighting vector {wi}ni=1 fulfilling
n∨
i=1

wi = 1, we construct a symmetric fuzzy measure and the OWA operator is then the corresponding

Sugeno integral [5]. We will compare our results with those by Lizasoain and Moreno [3].
Acknowledgment. A support of the grants VEGA 1/0036/23 and VEGA 2/0128/24 is kindly
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Nullnorms on bounded lattices are gaining theoretical interest as aggregation functions [3; 4]. On
such lattices, divisibility replaces continuity [1] and enables output decomposition. Though equiv-
alent to continuity on the unit interval, divisibility is less studied than idempotence or continuity.
Recall that a bounded lattice (L,≤L, 0, 1) is a structure where for any x, y ∈ L, both x ∧ y and
x ∨ y exist in L with top 1 and bottom 0 (see [2] for further properties of bounded lattices). Let
Ia = {x ∈ L | x ∥≤ a} be the set of all elements incomparable with a. In the following, we provide
a definition of divisibility for binary operations (binary aggregation functions) on bounded lattices.

Definition 1. Let ⋆ : L2 → L be an operation. If ⋆ is monotone in the right (left) argument, we
say ⋆ is right (left) point-wise divisible at y if for fixed y ∈ L and all x ∈ L with x ∈ [y ⋆ 0, y ⋆ 1]
(x ∈ [0 ⋆ y, 1 ⋆ y]) there exists z ∈ L such that

y ⋆ z = x (z ⋆ y = x).

Monotone operation ⋆ is point-wise divisible at y if it is point-wise divisible both left and right.

Definition 2. A binary operation ⋆ : L2 → L is left (right) divisible, if it is left (right) point-wise
divisible at any x ∈ L. Operation ⋆ is divisible if it is both right and left divisible.

In the presentation, we aim to extend and characterize divisibility for nullnorms on bounded
lattices. We will present a full characterization of divisible nullnorms. Moreover, we show their
properties and also a connection between divisible nullnorms and divisible uninorms.
Acknowledgment. A support of the grants VEGA 1/0036/23 and VEGA 2/0128/24 is kindly
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Processing methods offer a framework for enhancing numerical integrators: given a base method
ψτ , where τ is the time step, one constructs a bijective map ητ and its inverse η−1

τ to obtain an
improved method, e.g. higher-order method,

φτ = η−1
τ ◦ ψτ ◦ ητ , (1)

where ψτ is referred to as the kernel, and the mappings ητ , η
−1
τ as the preprocessing and postpro-

cessing maps, respectively [1]. Classically, these maps are constructed analytically and designed
to be problem independent. In this work, we ask whether this generality comes at a cost. If the
preprocessing and postprocessing maps are instead tailored to a specific problem, can one extract
further gains in accuracy beyond what a general processing method achieves?

To answer this question, we represent ητ and η−1
τ from (1) by invertible symplectic neural net-

works (SympNets) [2], trained from trajectory data to minimize the integration error of the processed
method φτ for a given Hamiltonian system. Since both the kernel and the learned maps are symplec-
tic by construction, the resulting numerical method inherits the geometric structure of the original
system, thereby yielding long-term near-conservation of the Hamiltonian.

Numerical experiments on the mathematical pendulum, Hénon-Heiles system and Frenkel-Kon-
torova model demonstrate that the learned processing reduces Hamiltonian numerical errors while
preserving or even improving global solution accuracy.
Acknowledgment. This research is funded by the Latvian Council of Science, project “De-

velopment of structure- and data-driven methods for analysis and control of complex dynamical
systems”, project No. lzp-2024/1-0207.
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A very prospective and commonly used method for studying metal alloy solidification and its mag-
netic field is by using downscaled model systems, Hele-Shaw cells, where binary alloy solidification
can be observed at the meso-scale using in situ dynamic X-ray transmission contrast radiography
[1]. It has proven to be a very effective means of probing systems with solidification processes
for physical insights [1]. The problem of extracting physical information from sequences of X-ray
images featuring solidified microstructure and convective plumes, as well as the irregular solidifi-
cation front, has been mostly solved, except for one component [2]. Currently, a robust, reliable
and open-source image-based velocimetry framework is lacking that works under low and variable
signal-/contract-to-noise conditions and variable liquid/solid content in the cell [3].

Here, we present our open-source solution – an optical flow velocimetry framework based on the
Farneback method [4] combined with time-forward/-backward consistency validation for the image
pair-based velocity field. The field consistency score is computed based on the L2 norm of the
forward/backward optical flow field difference, and confidence-based smoothing and outlier removal
are performed based on global consistency statistics. Before optical flow calculation, image sequences
are converted to optical density, background corrected, and collectively filtered as single 3D images
using local adaptive color tone mapping, Gaussian total variation filter [5], and dynamic artifacts are
mitigated by Karhunen-Loeve decomposition (KLD) [6]. We demonstrate the performance of our
optical flow solution under conditions of varying adversity and validate against data from numerical
simulations.
Acknowledgment. This research is funded by the Latvian Council of Science, project “Magnetic

control of bubble flow in liquid metal for metallurgical and chemical engineering technologies”,
project No. lzp-2025/1-0174.
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In this talk, we consider the nonstationary Stokes system in a bounded domain Ω :
ut(x, t) − ν∆u(x, t) + ∇p(x, t) = f(x, t), (x, t) ∈ Ω × (0, T ),

divu = 0, (x, t) ∈ Ω × (0, T ),

u
∣∣
∂Ω×(0,T )

= 0, u(x, 0) = u0(x), x ∈ Ω,

(1)

together with a nonlinear integral condition∫
Ω

|u(x, t)|2dx = E2(t), t ∈ [0, T ], E(0) = ∥u0∥L2(Ω), (2)

where u, p and f are unknown functions, while E and u0 are given functions, ν > 0 is a constant,
T > 0 is a real number. Depending on the regularity of E, we construct two classes of solutions to
problem (1), (2). In the case E ∈W 1

2 (0, T ), we construct classical weak solutions, while in the case
E ∈ L2(0, T ) only, we construct very weak solutions (defined similarly to those in [1]).

This is joint work with Vytautas Bačianskas.
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This talk considers higher-degree F -transforms (see [1; 2], also [3] for the extension to higher
degrees) generated by fuzzy partitions [4] built from central B-splines of odd degree 2k − 1 [5].
Using B-splines for the partition retains the locality property of the F -transform, while having
particular smoothness and compact support properties, and a clear polynomial structure. This leads
to stronger approximation properties than one usually gets from generic uniform fuzzy partitions.

For the univariate construction and its tensor-product extension to the multivariate setting, the
spline-based transforms reproduce polynomials up to degree 2m+1 on the interior region where the
Ruspini condition holds, provided m ≤ k − 1. In the smooth one-dimensional case this gives the
rate O(h2m+2), together with analogous estimates for derivatives. The same ideas extend naturally
to several variables.

Near the boundary, however, the ordinary transform loses part of this accuracy because the
local stencils are cut off. To fix this, one extends [6] the B-spline partition and supplies the missing
boundary data by local extrapolation. This yields a modified transform F̃m that restores full-domain
approximation for values and derivatives and keeps the local spline structure.

These properties also make the modified transform useful in applications. In particular, it provides
convenient trial spaces for collocation schemes for ordinary and partial differential equations [7; 8].
The talk will focus on the B-spline construction of the fuzzy partitions, the approximation properties
of the associated higher-degree transforms, and the role of the modified transform in making these
ideas work on the whole domain and in numerical methods.
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Solutions of singularly perturbed partial differential equations typically exhibit sharp boundary
and interior layers, as well as corner singularities. To obtain reliable numerical approximations
of such solutions in an efficient way, one may want to use meshes that are adapted to solution
singularities using a posteriori error estimates. In this talk, we shall discuss residual-type a pos-
teriori error estimates singularly perturbed reaction-diffusion equations and singularly perturbed
convection-diffusion equations. The error constants in the considered estimates are independent of
the diameters of mesh elements and of the small perturbation parameter. Note also that some of
the presented results are new and interesting when applied to classical elliptic equations.

I will start by revisiting some earlier work, including a posteriori error estimates on anisotropic
meshes. In the final part of the talk, more recent, current, and future work will be discussed
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We discuss the problem of fitting reduced data Qm = {qi}mi=1 in arbitrary Euclidean space En.
The interpolation knots {ti}mi=0 (with qi = γ(ti)) are assumed to be unknown and need to be

somehow compensated by T̂ = {t̂i}mi=0 (see e.g. [1]). Various fitting schemes γ̂ and recipes for T̂
are studied e.g. in [1; 2; 3] (for Qm dense) or in [4; 5] (for Qm sparse). In particular, the issue of
convergence order (and its sharpness) for a given γ̂ (based on dense Qm and T̂ ) in approximating
the unknown curve γ is examined e.g. in [1; 2; 3]. In our work we discuss the problem of partially
fitting Qm by interpolating selected points Q̂s

m = {q0, q3, . . . , qm=3k} with the so-called piecewise
Bézier cubic γ̂ = γ̂B (see [6]). The remaining points Qm \ Qs

m serve only as control points. Such
partial interpolant γ̂B not only preserves the “moderate” convergence in γ̂B ≈ γ but also it inherits
all geometrical features of Bézier curves designed mainly for modelling tasks (see [6]). In this work,
we establish linear, quadratic and 1 + ε order convergence rates in γ̂B ≈ γ proved analytically for
three subfamilies of admissible samplings including more-or-less uniform, ε-uniform and uniform
samplings. Numerical and symbolic computation in Mathematica verifies in affirmative the sharpness
of the above asymptotics. Possible applications are also hinted (e.g. in active tracking).
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The study of nonlinear localized time-periodic crystal lattice waves with internal oscillation, which
are called intrinsic localized modes or discrete breathers, is an active area of theoretical and exper-
imental research [1]. In particular, attention of scientists to these waves has been attracted by
the experimentally confirmed phenomenon of hyperconductivity, i.e. the ability of moving discrete
breathers to transfer charge in silicates [2].

With the constant increase of computational powers available to researchers, it has become possi-
ble to perform extensive numerical simulations of crystal lattices as well as store and analyze large
amounts of simulation data. As a result, data-driven methods for studying crystal lattice waves
have been developed [3; 4]. This work is devoted to analysis of discrete breather collisions in numer-
ical simulations of a 2D crystal lattice based on collected simulation data. Highly accurate support
vector classifiers are trained and applied to distinguish discrete breathers from linear phonon waves
using locally sampled data. Before training the classifiers, dimensionality of the data is substantially
reduced using principal component analysis. Employing sliding window method together with the
obtained classifiers, localization regions are identified at each moment of time, respecting geomet-
rical properties of the corresponding waves. Moreover, the directionality of discrete breathers is
detected with high precision in each simulation time step applying a novel data-driven algorithm
developed for this purpose.
Acknowledgment. This research is funded by the Latvian Council of Science, project “De-

velopment of structure- and data-driven methods for analysis and control of complex dynamical
systems”, project No. lzp-2024/1-0207.
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AFM (Atomic Force Microscopy) is based on measurements of the contact radius and interaction
force between the microscope cantilever tip and the substrate. In this talk, the contact between a
PVC (polyvinyl chloride) substrate and two types of tip geometries will be considered: a pyramidal
one (TRIANG2 nominal apex radius 2 nm) and a flat-ended punch (FLAT4000; nominal punch
radius 4000 nm).

It is well known that AFM models are often inaccurate due to (i) unknown contact radius, (ii)
mechanical models not parameterizing it, (iii) in some models it is neither assumed meaningfully
nor determined, and (iv) uncertain probe radius arising from manufacturer-specified nominal values
and manufacturing tolerances. In this talk, an FEA model that is used to quantify the evolution of
the contact radius during indentation, will be presented. The effective contact radius determined
from the FEA model was subsequently used in a Hertz-based force-indentation parametrization
(see [2]). Uncertainty in the probe apex radius due to manufacturer tolerances was addressed by
SEM (Scanning Electron Microscope) measurement of the conical tip, enabling the assessment of
its impact on the modulus estimated from AFM indentation.

The effective contact radius is first established using a well-characterized reference material and
subsequently applied to a mechanical model to extract Young’s modulus (see [1]). In this approach,
the Hertz-based parametrization is used as a consistent mathematical framework, while the effective
contact radius accounts for probe-dependent contact evolution.
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Let α ∈ (0, 1] be a fixed parameter, and s = σ+ it a complex variable. The Hurwitz zeta-function
ζ(s, α), for σ > 1, is given by the Dirichlet series

ζ(s, α) =
∞∑
m=0

1

(m+ α)s
,

and has meromorphic continuation to the whole complex plane with the unique simple pole at the
point s = 1.

We obtain approximate functional equation for ζ(s, α) in the strip 0 6 σ 6 1 involving Dirichlet
polynomials of length independent on t. This allows, for fixed 1/2 < σ 6 31/52 and T 23/70 6 H 6 T ,
to prove that ∫ T+H

T−H
|ζ(σ + it, α)|2 dt≪σ,α H.

The latter mean square estimate is applied for investigation of universality of ζ(s, α) in short in-
tervals. For D = {s ∈ C : 1/2 < σ < 1}, let K denote the class of compact subsets of D with
connected complements, and H(K) with K ∈ K, the class of continuous functions on K that are
analytic inside of K. Then the following statement is valid.

Theorem 1. Suppose that the parameter α is transcendental, and T 23/70 6 H 6 T . Then, for every
K ∈ K, f(s) ∈ H(K) and ε > 0,

lim inf
T→∞

1

H
meas

{
τ ∈ [T, T +H] : sup

s∈K
|ζ(s+ iτ, α) − f(s)| < ε

}
> 0.

Moreover, the lower limit can be replaced by a limit for all but at most countably many ε > 0.
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In evolutionary game theory, the continuous-time dynamics of two competing strategies are often
modeled by the replicator equation [1]:

ẋ = x(1 − x)δ(x),

where δ(x) = ΠS(x)−ΠN (x) represents the relative payoff of the environmentally friendly strategy
ΠS(x) over the non-sorting strategy ΠN (x).

Since behavioral changes (e.g. periodic decision-making) occur discretely, a discrete approxima-
tion is more appropriate. Using Euler’s method with a step size ε > 0, we obtain the iterative
relation:

xn+1 = xn + εxn(1 − xn)δ(xn),

where the term xn(1 − xn) ensures the dynamics vanish at the boundaries x = 0 and x = 1.
The model’s dynamics depend heavily on the incentive function δ(xn). While linear and quadratic

functions are well-studied [2], piecewise continuous functions remain underexplored. We propose a
threshold incentive function:

δ(x) =

{
δ1(x), if x < θ,
δ2(x), if x ≥ θ,

where θ (0 < θ < 1) is the policy threshold. For instance, δ1(x) > 0 could denote strong financial
benefits under penalty tariffs, while δ2(x) ≤ 0 reflects reduced incentives and sustained effort costs
once the target θ is achieved and penalties are removed. We aim to analyze the resulting dynamics
to demonstrate how this proposed model captures real-world behavior.
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The analysis of (constant-exponent) weakly singular Volterra integral equations of the second
kind as been of great interest in mathematics due to, among other things, their close relation to
(constant-order) fractional differential equations. Recently, however, it has become apparent that
some physical phenomena are more accurately described by memory behavior that changes over
time, and thus the study of variable-exponent weakly singular Volterra integral equations has come
to focus. Specifically, motivated by the works [1-3], we consider in [4] the following class of Volterra
integral equations of the second kind:

y(t) = g(t) +

∫ t

0

(t− s)−α(t)s−β(t)K(t, s)y(s)ds, t ∈ [0, b], (1)

where y : [0, b] → R is the unknown function, g ∈ C[0, b], K ∈ C(∆), and

α, β ∈ C[0, b], α(t) ≤ αM < 1, β(t) ≤ βM < 1, t ∈ [0, b], lim
t→0+

t1−α(t)−β(t) = 0, (2)

with ∆ := {(t, s) ∈ R2 : 0 ≤ s ≤ t ≤ b}, αM := max0≤t≤b α(t) and βM := max0≤t≤b β(t). Clearly,
the kernel of an integral equation in the form of (1) can contain both a variable diagonal singularity
term (t−s)−α(t) and a variable boundary singularity term s−β(t). We show in [4] that the condition
(2) is both necessary and sufficient for the underlying problem to have a (unique) solution y ∈ C[0, b],
for any given g ∈ C[0, b] and K ∈ C(∆). Moreover, an extensive regularity analysis of the exact
solution is conducted and a piecewise-polynomial collocation method for its numerical solution is
constructed. Convergence estimates for the proposed method are also derived and illustrated with
numerical examples.
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We study parameter selection for a binary moving-average crossover rule on the WIG index. The
goal is to improve out-of-sample (OOS) reliability by replacing pointwise in-sample optimization
with a stability-oriented selection rule in the discrete space (s, l).

Let rt = log(Pt/Pt−1) and

wt(s, l) =

{
1, MAs(t) > MAl(t),

0, MAs(t) ≤MAl(t).

To avoid look-ahead bias, strategy returns are

Rt(s, l) = wt−1(s, l) rt.

On each training window, we optimize

Jλ(s, l) = Rtrain(s, l) − λ turnover(s, l),

and define the stable region

Sq,τ,λ = {(s, l) : Jλ(s, l) ≥ Qq(Jλ), turnover(s, l) ≤ τ},

where Qq(Jλ) denotes the q-quantile of the objective values on the grid. Instead of the global
maximizer, we apply a local-plateau preference based on the neighborhood median of Jλ. A temporal
variant additionally penalizes parameter jumps across walk-forward windows:

Tt(s, l) = J̃λ,t(s, l) − α
(
|s− st−1| + |l − lt−1|

)
.

Using daily WIG data (1991–2026), grid s ∈ [5, 60], l ∈ [80, 300], and walk-forward validation
(5-year train, 1-year test, 1-year step), we find that small regularization levels (λ = 0, 2 · 10−4,
5 ·10−4) do not change the in-sample optimum. After tuning (τ, α, q), the temporal variant improves
parameter-path stability while remaining OOS-competitive. OOS transaction-cost sensitivity is
evaluated separately using an explicit cost-per-trade parameter c (distinct from λ). The current
tuning stage is exploratory; hold-out or nested walk-forward validation is planned in the full paper.
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Accurate prediction of moving targets and evolving hazardous zones is important in modern safety-
oriented applications. In many cases the transported object cannot be treated as a passive tracer
because its size, mass, gas content, temperature, or reaction state changes in time. We present
a modular particle–flow framework for predictive detection and safety assessment of fluid-driven
objects and localized hot spots.

Ambient flow is reconstructed from measurements or prescribed analytically, after which objects
are tracked in a Lagrangian manner together with their internal states. In the transport stage we
use a coupled state formulation

ẋ = v(x,q), q̇ = F(x,q),

where x denotes position and q collects altitude-related, mechanical, thermal and safety-state vari-
ables. This reflects that horizontal advection is typically taken from the reconstructed ambient
field, while vertical motion and state evolution are governed by buoyancy, drag and other internal
processes [2; 3].

For localized activated zones we use a reduced safety block written in a template form,

Żi = Φi(Zi,Wi;θ) + κ
∑
j

aij(Zj − Zi), Ẇi = Ψi(Zi,Wi;θ) + Si(t),

where Zi denotes the local state indicator, such as altitude, temperature, concentration or hazard
level, and Wi denotes an internal evolving quantity, such as gas content, payload state, reactive
material amount or accumulated risk. The terms Φi and Ψi are application-dependent.

We discuss parametrization issues of the problem, data-pseserving obtaining process for the ve-
locity field and data-informed prediction aspects for several applications.
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The authors present the analytical solution to the following system of partial differential equations:

∂2U

∂y2
+
∂2U

∂z2
+Ha

∂bx
∂z

+ 1 = 0,
∂2bx
∂y2

+
∂2bx
∂z2

+Ha
∂U

∂z
= 0 (1)

with the following boundary conditions:

z = ±1 : U = 0, bx = 0; y = ±d : U ± α
∂U

∂y
= 0, bx = 0. (2)

This system is the mathematical model for the MHD problem on a fully developed conducting
fluid flow in a rectangular duct with insulating walls, non-slip conditions on the walls z = ±1 and
the hydrodynamic slip boundary conditions on the side walls y = ±d. In the system, V = U(y, z)ex
is the velocity of the fluid, b = bx(y, z)ex is the induced magnetic field, Ha is the Hartmann number.
In the boundary conditions (2), the constant α describes the dimensionless slip length (see [1]).

This problem has essential applications to the development of the liquid-metal blanket of the
fusion reactor, where the conducting fluid flows in non-conducting channels in a strong external
magnetic field. In these conditions, the thickness of the channel boundary layers is comparable with
the slip length, and thus, the slip effect must be taken into consideration.

Initially, a problem on a fully developed flow in a rectangular duct with insulating walls and slip
conditions on the walls z = ±1 was solved analytically by Smolentsev [1]. Later, in [2] and [3],
the authors obtained an analytical solution for the problem with the hydrodynamic slip boundary
conditions on the non-conducting side walls y = ±d and conducting walls z = ±1.

The presented problem has not been solved analytically before. The solution of the problem is
obtained in the form of convergent series. The velocity profiles and induced magnetic field have
been studied numerically for different values of Ha and α.
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Callable bonds are fixed income securities that grant the issuer the right to redeem the bond prior
to maturity when market conditions become favorable, typically when interest rates decline. The
valuation of such instruments therefore, depends on the probability and timing of early redemption.
This paper proposes a simulation-based framework for estimating the first-passage time of an interest
rate process to a predefined call boundary using a copula-based dependence structure combined with
Monte Carlo simulation.

Let rt denote the short term interest rate process. In continuous time the dynamics of the interest
rate are described by the stochastic differential equation

drt = µ(rt, t) dt+ σ(rt, t) dWt,

where µ(rt, t) represents the drift term, σ(rt, t) denotes the volatility function, and Wt is a standard
Brownian motion. Callable bonds may be redeemed when interest rates fall below a predetermined
call boundary B. The first-passage time of the interest rate process to this boundary is defined as
τB = inf{t ≥ 0 : rt ≤ B}. To estimate the distribution of τB , simulated trajectories of the interest
rate process are generated using a copula-based dependence structure [1]. For each trajectory the
algorithm records the first time the boundary condition is satisfied [2].

Under the risk-neutral probability measure Q, the value of the callable bond is expressed as

V = EQ
[
e−

∫ T
0
rsds

(
C · 1{τB≤T} + F · 1{τB>T}

)]
,

where V denotes the value of the callable bond and EQ[·] is the expectation under the risk-neutral
probability measure Q.

The expectation is evaluated using a Monte Carlo estimator V̂N = 1
N

∑N
i=1 Vi, where N denotes

the number of simulated trajectories and Vi is the discounted payoff corresponding to the i-th
simulation path.

The proposed framework combines stochastic interest rate modeling with copula-based depen-
dence estimation and provides a flexible tool for analyzing early redemption risk and pricing callable
bonds.
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MULTIFACTOR STOCHASTIC MODELING OF
MACROECONOMIC RECESSION DYNAMICS

ANDREJS MATVEJEVS, OKSANA PAVLENKO, JEGORS FJODOROVS

Institute of Applied Mathematics, Riga Technical University

Kipsalas street 6a, Riga LV-1048, Latvia

E-mail: oksana.pavlenko@rtu.lv

Economic recession processes can be interpreted as stochastic transitions between different regimes
of macroeconomic dynamics. From a mathematical modeling perspective, recession forecasting can
therefore be formulated as a probabilistic classification problem driven by a multidimensional vector
of macroeconomic indicators [1].

Let the macroeconomic state of the economy at time t be represented by the vector Xt such that
Xt = (x1,t, x2,t, . . . , xn,t) ∈ Rn, where the components correspond to key economic indicators such
as exports, housing prices, inflation, unemployment, GDP, financial interest rates, and confidence
indicators. The recession indicator is defined as a binary stochastic variable Yt ∈ {0, 1}, where
Yt = 1 corresponds to a recession regime.

The recession probability is modeled using the logistic mapping

P (Yt = 1|Xt) =
1

1 + exp(−(β0 + βTXt))
,

where β = (β1, . . . , βn) is the parameter vector.
To account for delayed macroeconomic responses, lagged state variables are introduced as

X
(l)
t = Xt−l, l = 1, 2, 3. The resulting predictor vector is Zt = (Xt, Xt−1, Xt−2).
Model parameters are obtained by solving the maximum likelihood optimization problem

β̂ = arg max
β

T∑
t=1

[
Yt logP (Yt|Zt) + (1 − Yt) log(1 − P (Yt|Zt))

]
.

The empirical study uses quarterly macroeconomic data for Latvia from 1995 to 2025. Before
estimation, all variables are standardized. Several model configurations with different lag structures
are analyzed. The models are evaluated using information criteria and classification performance
measures, including the Akaike Information Criterion (AIC) and the ROC-AUC statistic. The
results indicate that a mixed two–lag specification yields the best predictive performance, with
a pseudo R2 of approximately 0.65. The model reveals that financial indicators and confidence
variables act as leading signals of recession dynamics. The proposed multifactor framework provides
a mathematically interpretable probabilistic model for recession risk assessment and can be extended
to nonlinear dynamical systems, stochastic regime-switching models, or machine learning approaches
for higher-dimensional economic systems.
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Let s = σ + it be a complex variable, and 0 < α 6 1, and λ ∈ R be fixed parameters. The Lerch
zeta-function L(λ, α, s), for σ > 1, is defined by the series L(λ, α, s) =

∑∞
m=0 e2πiλm(m+α)−s, and

has the meromorphic continuation to the whole complex plane.
Let D = {s ∈ C : 1/2 < σ < 1}, and H(D) be the space of analytic functions on D with the

topology of uniform convergence on compacta. In the report, we discuss the following approximation
problems of Lerch zeta-functions.

1. Joint approximation of analytic on D functions (f1(s), . . . , fr(s)) by shifts (L(λ1, α1, s +
iτ), . . . , L(λr, αr, s + iτ)) with arbitrary λj , αj , j = 1, . . . , r. We obtain that there exists a closed
non-empty set Fλ,α ⊂ Hr(D), λ = (λ1, . . . , λr), α = (α1, . . . , αr), which functions are approximated
by the above shifts [2].

2. Joint discrete approximation of analytic on D functions by discrete shifts (L(λ1, α1, s +
ikh), . . . , L(λr, αr, s + ikh)), k ∈ N, with arbitrary λj , αj , hj > 0, j = 1, . . . , r. We prove that
there exists a closed non-empty set Fλ,α,h ⊂ Hr(D), h = (h1, . . . , hr), which functions are approxi-
mated by the above discrete shifts [3].

3. Approximation of analytic functions by generalized shifts L(λ, α, s + ig(τ)) with a certain
real differentiable function g(τ) having monotonic derivative and satisfying g(τ) ≪ τg′(τ), τ → ∞.
Moreover, we suppose that the set L(α) = {log(m + α) : m ∈ N0} is linearly independent over Q.
Then every function f(s) ∈ H(D) is approximated by the above shifts [1].

4. Approximation of analytic functions by generalized discrete shifts L(λ, α, s+ ig(k)). We sup-
pose that g(τ) is a similar differentiable function as in 3., and such that the sequence {ag(k) : k ∈ N},
a ∈ R \ {0}, is uniformly distributed modulo 1. If L(α) is linearly independent over Q, we obtain
that every function f(s) ∈ H(D) is approximated by the above discrete shifts [4].

The above results form the doctoral dissertation of the author.
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[4] A. Laurinčikas, T. Mikalauskaitė, D. Šiaučiūnas. Approximation of analytic functions by generalized discrete shifts
of the Lerch zeta-functions. Lith. Math. J., 65 (2):254–270, 2025.

47



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

PHYSICS-INFORMED NEURAL NETWORKS FOR
DISPLACEMENT FIELD RECOVERY FROM SPARSE
OBSERVATIONS

JAN MRÓGALA
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Digital Volume Correlation (DVC) recovers displacement fields from micro-CT images but often
fails in low-texture regions, producing gaps [3]. Finite-element-based mechanical regularization can
fill such gaps by enforcing equilibrium [2], but requires mesh generation. We propose a meshless
alternative using Physics-Informed Neural Networks (PINNs) [1], jointly minimizing a data loss and
the residual of the Navier-Cauchy equation, which in the absence of body forces states that internal
stresses must be in equilibrium:

(λ+ µ)∇(∇ · u) + µ∇2u = 0, (1)

where u is the displacement and λ, µ are the Lamé parameters of linear elasticity. Where data is
missing, the residual of (1) alone constrains the prediction to be mechanically consistent.

We validate on a sandstone micro-CT slice (200×200 px, 14µm resolution) with a synthetic non-
uniform polynomial deformation satisfying (1). Observations are subsampled (every 20th pixel),
corrupted with Gaussian noise (σ = 0.02), and removed from a gap (16% of domain). Table 1
compares cubic interpolation, a data-only neural network, and the PINN across three gap positions
(center, edge, corner; averaged over 5 runs). With sparse, noisy data, the data-only network fails for
boundary-adjacent gaps (MSE up to 6×10−1), while cubic interpolation degrades more moderately.
The PINN consistently achieves the lowest error across all positions by orders of magnitude, demon-
strating that the equilibrium constraint provides robust regularization even where both interpolation
and unconstrained networks fail.

Table 1.
Gap-region MSE for three gap positions (mean over 5 runs).

Gap position Cubic interp. NN (data only) PINN (data+physics)

Center 3.1×10−4 6.4×10−2 1.1×10−5

Edge 8.5×10−4 1.2×10−1 4.6×10−6

Corner 2.2×10−3 6.1×10−1 2.5×10−5

REFERENCES

[1] M. Raissi, P. Perdikaris, G.E. Karniadakis. Physics-informed neural networks: A deep learning framework for
solving forward and inverse problems involving nonlinear PDEs. J. Comput. Phys., 378, 686–707, 2019.

[2] A. Mendoza, J. Neggers, F. Hild, S. Roux. Complete mechanical regularization applied to digital image and volume
correlation. Comput. Methods Appl. Mech. Engrg., 355, 27–43, 2019.

[3] A. Buljac, C. Jailin, A. Mendoza, J. Neggers, T. Taillandier-Thomas, A. Bouterf, B. Smaniotto, F. Hild, S. Roux.
Digital volume correlation: Review of progress and challenges. Experimental Mechanics, 58 (3):661–708, 2018.

48



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

RETURNS TO SCALE AND STRATEGIC REGIMES IN
INNOVATION RACES
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This paper develops a dynamic model in which the productivity of joint research governs strate-
gic investment timing in innovation races. Departing from the standard assumption that discovery
rates scale proportionally with the number of active firms, we allow research to exhibit decreasing
or increasing returns, thereby endogenizing the aggressiveness of innovation competition. We show
that returns to joint research determine whether innovation races exhibit preemption or coordina-
tion. When research efforts are substitutes, follower entry is unattractive, generating a first-mover
advantage and a preemption equilibrium. When complementarities are sufficiently strong, the gains
from early investment vanish and firms invest simultaneously. The model thus identifies a regime
shift in innovation races: competition accelerates investment under decreasing returns but promotes
coordinated entry under increasing returns. These findings highlight the research technology as a
central determinant of market dynamics and provide a unified perspective on heterogeneous patterns
of innovation.
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In this article, using generalized reference probability space, we start by giving an introduction
of a strong and a weak formulation of an optimal control problem. We then extend the general
problem to a particular stochastic optimal control problem. After, we investigate the application
of the above in the case of a portfolio optimization problem that follows a multi-scale stochastic
volatility model. This investigation is done by performing the numerics using reinforcement learning
on a Swedish investment consumption portfolio, and on its corresponding simulations.
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A periodic, axially symmetric, time dependent model of the interaction between a viscous fluid
described by the Stokes equations and a thin cylindrical elastic tube is considered. The problem
depends on small parameters ε and ε1, ε1 << ε << 1, representing respectively the thickness of
the tube wall and the radius of the cylinder (the length is supposed to be of order 1). The Young’s
modulus of the elastic medium and its density may be great or small parameters equal to some
powers (positive or negative) of ε, ε1, while the density and the viscosity of the fluid are supposed
to be of order one. This setting is an analogue of the Poiseuille flow in a cylindrical tube with elastic
wall. An asymptotic expansion is constructed and justified for various magnitudes of the rigidity and
the density of tube wall. With respect to these magnitudes we obtain ten different limit problems.
The estimates of the difference between the exact solution and a truncated asymptotic expansion are
established in order to justify the asymptotic construction [1]. The presented results are obtained
in collaboration with Ruxandra Stavre (Institute of Mathematics of Romanian Academy). The
ansatz of the asymptotic approximation is used further in variational context in [2], where the one
dimensional limit models were tested numerically.
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We address a spectral problem for the Laplacian in a planar domain with rapidly alternating
boundary conditions of Robin involving large parameters on small regions (cf. reaction parameters
& reaction regions). First we provide a review of 3D model cf. [1] and, then, we consider the case of
a circular domain and obtain the homogenized problem. Different relations between the parameters
reaction, size of the regions, and period are considered. Based on joint works with Delfina Gómez
and Jari Taskinen.
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The Hilfer fractional derivative is a two-parameter operator that interpolates between the Riemann-
Liouville and Caputo derivatives using a configurable type parameter. This operator is fundamental
in the analysis of fractional differential equations in mathematical physics, engineering, economics,
and control systems.

The general form of the fractional diffusion equation is:

Dµ,ν
0+ u(x, t) = K

∂2

∂x2
u(x, t), t > 0, x ∈ [0, 1], (1)

where K is the diffusion constant, Dµ,ν
0+ is the Hilfer fractional derivative, and the initial condition

limt→0+ I
(1−µ)(1−ν)
0+ u(x, t) = g(x) is assumed. We consider the case ν = 1, so the corresponding

fractional derivative operator Dµ,1
0+ is named after Caputo.

The existing literature on numerical approximations of solutions to initial-boundary value prob-
lems using fractional Caputo derivatives is reviewed in [1]. Since the solutions are singular at t→ +0,
numerical approximations are obtained from a sequence of convergent solutions in a weighted con-
tinuous function space. We propose a different method based on operational matrices.

Our approach considers the case where equation (1) is defined by the condition ν = 1 and Dirichlet
boundary conditions. In this case, we first demonstrate how to reformulate (1) into a form that
includes only the Volterra and Riemann-Liouville integral operators. The resulting form is the
result of applying a pair of F-transforms [2], each defined by the corresponding integral operator
and parameterized by the corresponding fuzzy partition of the domain. The main result consists of
obtaining a matrix equation with two operational matrices corresponding to two integral operators.
This equation and its solution correspond to the problem under consideration, based on equation
(1), and its approximate solution. The proposed approach is supported by examples in which the
numerical algorithm is implemented using a neural network.
Acknowledgment. The authors express their sincere gratitude for partial support from project

24-10177L “Fractional and Fuzzy-Fractal Transport in Disordered Media”, grant GAČR, LA.
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We extend classical results about sampling of entire functions of exponential type to Banach
spaces. By using the generator D of a one-parameter group etD of isometries of a Banach space E
we introduce Bernstein subspaces Bσ(D), σ > 0, of vectors f in E for which trajectories etDf are
abstract-valued functions of exponential type which are bounded on the real line. This property
allows to reduce sampling problems for etDf with f ∈ Bσ(D) to known sampling results for regular
functions of exponential type σ.
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Bubble flow in liquid metal is ubiquitous in modern industry and is crucial in processes such
as continuous casting, stirring and purification of liquid metal alloys, liquid metal-based chemical
reactors, and more [1]. Magnetic control of bubble flow in liquid metal enables tailoring of process
dynamics, but currently the unresolved practical problem is how exactly to apply the magnetic field
for bubble flow control [1], because the fundamental properties and physics of magnetohydrodynamic
(MHD) bubble flow are not yet sufficiently understood [1]. One of the reasons is the lack of ex-
perimental methods enabling more direct comparisons between downscaled model systems typically
used in the field against numerical models [1]. Phase imaging (bubble/metal phase segmentation)
has been performed using X-ray [1], neutron [1], and more recently optical imaging [2]. Ultrasound
Doppler velocimetry (UDV) is widely used for velocity field measurements in liquid metal [3]. How-
ever, concurrent phase imaging and UDV for bubble flow in liquid metal have not yet been used for
full reconstruction of both phase and velocity field in an experimental setup – critical for in-depth
physical characterization of MHD bubble flow and direct validation of numerical models.

We present simultaneous two-dimensional phase/velocity field measurements for Hele-Shaw MHD
bubble flow. Bubble shapes are retrieved using optical imaging combining backlight and sideways
illumination exploiting reflections off of the metal meniscus at bubble boundaries [2]. Our image
analysis solution enables the tracking of bubbles and resolving their collective dynamics. The UDV
setup augments the imaging system with sparse measurements of the velocity field. We combine
these measurements with divergence-free interpolation for a compressed sensing approach, incorpo-
rating boundary conditions for metal vessel and the bubble/metal phase boundaries, and achieving
physics-based super-resolution [1], recovering the full two-dimensional velocity field. Variational re-
construction of the pressure field becomes also feasible. We present the current state of development
and outline future work with potential extensions beyond Hele-Shaw bubble flow.
Acknowledgment. This research is funded by the Latvian Council of Science, project “Magnetic

control of bubble flow in liquid metal for metallurgical and chemical engineering technologies”,
project No. lzp-2025/1-0174.
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Numerical simulation of fluid flows frequently requires solving convection-diffusion-reaction (CDR)
equations, which model the transport of quantities such as temperature, concentration, or vortic-
ity in a moving fluid. In convection-dominated regimes – where advective transport overwhelms
diffusion – standard finite element methods often suffer from spurious oscillations and unstable so-
lutions. The Streamline Upwind/Petrov-Galerkin (SUPG) method addresses this by augmenting
the standard Galerkin variational formulation with a residual-based stabilization term controlled by
an element-wise parameter δK . Consider the CDR problem

−ε∆u+ b · ∇u+ cu = f in Ω, u = ub on ∂Ω,

where u is the transported variable, b the velocity field, ε the diffusion coefficient, c a reaction rate,
and f a source term. The SUPG method seeks uh ∈ Vh such that

a(uh, vh) +
∑
K∈Th

δK
(
−ε∆uh + b · ∇uh + c uh − f, b · ∇vh

)
K

= 0, vh ∈ Vh,

where a(·, ·) is the standard Galerkin bilinear form, vh the test function, and δK > 0 the stabilization
parameter that controls the amount of artificial diffusion added along the streamlines. Selecting an
appropriate value of δK is critical: a too small value leads to oscillatory solutions, while a too large
value introduces excessive numerical diffusion. Classical choices perform poorly on most of the mesh
geometries.

In this work, we extend our machine learning-based framework for computing optimal SUPG
stabilization parameters to unstructured and anisotropic meshes, which are far more prevalent in
practical CFD applications than the structured setting. A neural network model is trained within
the SUPG framework to learn local flow and mesh features and to output element-wise optimal
parameters δK . The network is trained on a diverse range of mesh configurations, enabling it
to generalize robustly to structured, unstructured, and strongly anisotropic meshes alike. Com-
parative numerical experiments demonstrate that the proposed ML-enhanced SUPG method yields
more accurate solutions than the standard SUPG method on all tested mesh types, successfully sup-
pressing spurious oscillations to a degree consistent with the quality obtained on structured grids.
These results underscore the potential of data-driven stabilization strategies for delivering reliable,
oscillation-free finite element solutions to convection-dominated problems on general computational
meshes.
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The swinging Atwood machine under consideration consists of two masses m1, m2 attached to
opposite ends of a massless inextensible thread wound round two massless frictionless pulleys of
negligible radius (see [1]). Both masses m1 and m2 are allowed to oscillate in a plane. Such a
system has three degrees of freedom and its equations of motion may be written in the form

r
d2φ

dt2
= −g sinφ− 2

dr

dt

dφ

dt
,

(L− r)
d2ψ

dt2
= −g sinψ + 2

dr

dt

dψ

dt
, (1)

(m1 +m2)
d2r

dt2
= m1g cosφ−m2g cosψ +m1r

(
dφ

dt

)2

−m2(L− r)

(
dψ

dt

)2

,

where the variables r, φ, ψ describe geometrical configuration of the system, L is the length of the
thread, and g is a gravity constant. Note that equations of motion (1) are essentially nonlinear, and
their general solution cannot be found in symbolic form. Numerical analysis of the equations (1)
has shown that the system can perform motions of various types, e.g. periodic and quasi-periodic
motions. The corresponding solutions to equations of motion (1) may be represented in the form
of power series (see [2; 3]). In the present talk, we construct such solutions and demonstrate that
periodic solutions exist only if the frequencies of the masses oscillations are commensurable or a
resonance of frequencies takes place.

REFERENCES

[1] A.N. Prokopenya. Motion of a swinging Atwood’s machine: simulation and analysis with Mathematica. Mathe-
matics in Computer Science, 11 (3-4):417–425, 2017.

[2] A.N. Prokopenya. Construction of a periodic solution to the equations of motion of generalized Atwood’s machine
using computer algebra. Programming and Computer Software, 46 (2):120–125, 2020.

[3] A.N. Prokopenya. Resonances and periodic motions of Atwood’s machine with two oscillating weights. Program-
ming and Computer Software, 49 (5):433–440, 2023.

57



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

ANALYSIS OF THE SPECTRAL STRUCTURE OF AN
ELLIPTIC PROBLEM WITH A NONLOCAL INTEGRAL
CONDITION

KRISTINA PUPALAIGĖ1, MIFODIJUS SAPAGOVAS2

1Department of Applied Mathematics, Kaunas University of Technology

Studentu street 50, Kaunas LT-51368, Lithuania

2Institute of Data Science and Digital Technologies, Vilnius University

Akademijos street 4, Vilnius LT-08412, Lithuania

E-mail: kristina.pupalaige@ktu.lt

We consider the boundary value problem for elliptic equation with nonlocal condition

∂2u

∂x2
+
∂2u

∂y2
= f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1), (1)

u(0, y) = µ1(y), u(1, y) = µ2(y), y ∈ (0, 1), (2)

u(x, 0) − γu(x, 1) = 0, x ∈ (0, 1), (3)

1∫
0

u(x, y)dx = µ4(x), x ∈ (0, 1). (4)

The authors of the paper [1] replace at first the nonlocal condition (4) by another condition

∂u(x, 1)

∂y
− ∂u(x, 0)

∂y
= g(x, y), (x, y) ∈ Ω. (5)

After that, it is possible to construct the difference scheme for the problem (1)-(3), (5) instead of
the problem (1)-(3), (4).

We analyze this approach in detail by studying of the spectrum of the both problems. As a result
we describe some new methods for numerical solution of the initial problem (1)-(3), (4).
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Photonic crystal (PC) surface-emitting lasers (SELs) provide single-mode, high-brightness emis-
sion. State-of-the-art PCSELs use dual-lattice 2D PCs formed by air voids in the semiconductor
layer [1]. Although they can deliver tens of watts with nearly perfect beam quality, their effi-
ciency is lower than that of conventional edge-emitting lasers and fabrication remains challenging.
All-semiconductor PC layers offer a route to higher efficiency and improved manufacturability.

We use a 3D coupled-wave model [2] describing the dynamics of the field function Ψ(x, y, t) ∈ C4,
representing slowly varying amplitudes of counter- and cross-propagating waves in the PC layer,
and the carrier density N(x, y, t) in the closely located active layer of the PCSEL:

∂tΨ(x, y, t) =

[(
σ∂x 0

0 σ∂y

)
+ iC + g(N)−α

2 − iδn(N)

]
Ψ + Fsp, σ =

(
−1 0
0 1

)
,

(x, y) ∈ [0, 1] × [0, 1], Ψ1(0, y, t) = Ψ2(1, y, t) = Ψ3(x, 0, t) = Ψ4(x, 1, t) = 0,

∂tN(x, y, t) = ∇ ·DN∇N + j(x, y) − (AN +BN2 + CN3) − g(N)|Ψ|2.

Here, α, DN, j, A, B, C denote field losses, carrier diffusion, injected current density, and the three
carrier recombination parameters. The model parameters, the gain and refractive index functions
g(N) and δn(N), and the 4 × 4 matrix C describing coupling of counter- and cross-propagating
waves [3] are set by the vertical structure and PC geometry and material. Because the refractive
index contrast in all-semiconductor PC layers is weaker than in air-void PCs, larger PC areas are
needed to ensure sufficient field coupling (elements of C) and emission.

In this work, we explore square-lattice PCs with novel stretched isosceles triangle (SIT) features
[4] with a height-to-base ratio of about 1.5. Their field coupling properties are comparable to
those of conventional twin features in dual-lattice PCs, enabling steady single-mode emission in our
simulations [2]. In contrast to twin features, SITs can be relatively large, enhancing overall field
coupling, while remaining well separated, which is desirable for fabrication.
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Object detection is often developed under annotation and compute constraints rather than under
full-data conditions. This is especially relevant for domain-specific deployments, where collecting
labeled images is expensive and the practical question is not only which detector is best, but how
much data is enough to obtain a useful model. We address this question for YOLOv12, an attention-
centric real-time detector family, by studying how performance changes when the training set is
systematically reduced.

We train five YOLOv12 variants (n, s, m, l, x) from scratch on 15 proportional subsets of the
cleaned COCO train2017 set, ranging from 0.3125% to 100%, and evaluate them on COCO val2017
using mAP50–95. All experiments follow the default YOLOv12 recipe and are executed on the
Leonardo supercomputer with distributed training on 16 NVIDIA A100 GPUs. In total, the study
contains 75 runs and also includes a full-data reproduction step to verify that the distributed pipeline
remains close to the official YOLOv12 baselines.

The results reveal a monotonic but strongly nonlinear relationship between dataset size and detec-
tion performance. Our analysis indicates that the models exhibit significant resilience to moderate
data reduction, maintaining a high proportion of their baseline quality. Conversely, we identify
critical data thresholds where detection performance exhibits a sharp degradation, marking the
transition into a data-starved regime. The full-data reproduction step yields results consistent with
official baselines, confirming the robustness of the experimental setup on HPC infrastructure.

These findings characterize the empirical scaling laws of attention-centric detectors and provide a
framework for evaluating cost–accuracy trade-offs. The study establishes a reproducible baseline for
future research into low-data object detection and the efficiency of transformer-based architectures.
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Attractor embedding plays an important role in nonlinear dynamics and time series analysis [1].
The classical (uniform) embedding transforms a discrete scalar sequence (xt)

n
t=1 to a trajectory

matrix:

tk = (xk, xk+τ , . . . , xk+(d−1)τ ), k = 1, . . . , n− (d− 1)τ,

where n is the length of the series; d is the dimension of the delay coordinate space; τ ∈ N is the time
delay. The Taken’s embedding theorem [2] defines the conditions when an attractor reconstructed
from a single observable is topologically equivalent to the original attractor. The classical False
Nearest Neighbors (FNN) and Average Mutual Information (AMI) methods are usually employed
to determine d and τ [1].

Nonuniform embedding has recently gained significant attention due to its effectiveness in a
variety of important applications because many real-life systems often have multiple characteristic
time scales and uneven memory structure:

tk = (xk, xk+τ1 , . . . , xk+τ1+···+τd−1
), k = 1, . . . , n− (τ1 + · · · + τd−1) .

However, selecting optimal time delays τ1, . . . , τd−1 ∈ N becomes a complex task, as the AMI
method often fails to provide adequate guidance [3].

This talk will present not only the methods used to choose optimal nonuniform time delays, but
also a number of contemporary applications where nonuniform embedding plays a major role in the
characterization, identification and control of complex nonlinear systems [4; 5; 6; 7].
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Consider nonlinear Volterra integro dynamic equation on time scale T

x∆(t) = A(t)x(t) + f(t, x(t)) +

∫ t

s

K(t, r, x(r)) ∆r, x(s) = xs, (1)

where s, t ∈ T, x, xs ∈ Rn. The right hand side of (1) is rd-continuous with respect to t, locally
Lipschitz continuous with respect to x. Matrix valued function A : T → Rn × Rn is rd-continuous
and regressive, i.e. A ∈ R. Vector valued functions f : T × Rn → Rn and K : T × T × Rn → Rn
satisfy conditions

|K(t, r, x) −K(t, r, x′)| ≤ L(t, r)|x− x′|,

|f(t, x) − f(t, x′)| ≤ ε(t)|x− x′|,
where functions L : T× T → R and ε : T → R are non-negative and rd-continuous.

We provide sufficient conditions for the boundedness and uniform exponential stability of the
solutions to the equation (1) on time scales Ts = T ∩ [s,+∞). We generalize the scalar linear case
to the general n-dimensional case using the definition of matrix measure and a simplified proof of
Coppel’s inequality on the time scales.

Equation (1) is said to be exponentially stable on Ts = T ∩ [s,+∞) if there exists a positive
constant d with −d ∈ R+ and a constant C ∈ R+ such that for any solution x : Ts → Rn, x(s) = xs,
xs ∈ Rn, s, t ∈ T of (1) the following inequality holds

|x(t)| ≤ C(|xs|, s)e−d(t, s)

for all t ∈ Ts.
Equation (1) is said to be uniformly exponentially stable on Ts if it is exponentially stable and

C and d are independent of s.
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Let P be a system of generalized primes, NP the corresponding system of generalized integers,
and MP(x) =

∑
m6x, m∈NP

1. Suppose that the estimate

MP(x) − ax≪ xα, a > 0, 0 6 α < 1, (1)

is valid. Then the Beurling zeta-function ζP(s), s = σ + it, for σ > 1, is defined by

ζP(s) =
∑
m∈NP

1

ms
=

∏
p∈P

(
1 − 1

ps

)−1

,

and can be continued analytically to the region {s ∈ C : σ > α} \ {1}.
We consider approximation of analytic functions by discrete shifts ζP(s+ ikh), k ∈ N0 = N∪{0},

h > 0 fixed. Additionally to (1), we suppose that the mean square 1
T

∫ T
0

∣∣ζP(σ + it)
∣∣2 dt is bounded

for σ > σ0, the estimate
∑
m6x, m∈NP

ΛP(m)−x≪ xβ , β < 1, where ΛP(m) is the generalized von
Mangoldt function, holds, and the set {(log p : p ∈ P), 2π/h} is linearly independent over the field
of rational numbers. Then we have

Theorem 1. Let K be a compact set with connected complement of the strip {s ∈ C : σP < σ < 1},
σP = max(α, σ0), f(s) a continuous non-vanishing function on K, and ε > 0. Then

lim inf
N→∞

1

N + 1
#

{
0 6 k 6 N : sup

s∈K

∣∣f(s) − ζP(s+ ikh)
∣∣ < ε

}
> 0,

and the limit

lim
N→∞

1

N + 1
#

{
0 6 k 6 N : sup

s∈K

∣∣f(s) − ζP(s+ ikh)
∣∣ < ε

}
exists and is positive for all but at most countably many ε > 0.

Theorem 1 is the effective version with respect to f(s) of approximation by shifts ζP(s + ikh)
obtained in [1].
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We investigate a priori estimate, existence, and uniqueness of solutions for a third-order differential
system with coupled integral boundary conditions. The Leray–Schauder continuation principle forms
the basis of our approach to establishing the existence result. To demonstrate the applicability of
the obtained results, illustrative examples are provided.

REFERENCES

[1] Y. Cui, W. Ma, X. Wang, X. Su. Uniqueness theorem of differential system with coupled integral boundary
conditions. Electron. J. Qual. Theory Differ. Equ., 2018 (9):1–10, 2018.

[2] C.S. Goodrich. Coupled systems of boundary value problems with nonlocal boundary conditions. Appl. Math.
Lett., 41, 17–22, 2015.

[3] C.P. Gupta, V. Lakshmikantham. Existence and uniqueness theorems for a third-order three-point boundary value
problem. Nonlinear Anal.: Theory, Methods & Appl., 16 (11):949–957, 1991.

[4] E. Zeidler. Nonlinear Functional Analysis and Its Applications I. Fixed-Point Theorems. Springer-Verlag, New
York, 1986.

64



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

A MESOSCOPIC WEAR–MOISTURE MODEL FOR THE
MARTINDALE ABRASION TEST

ULDIS STRAUTIŅŠ
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Martindale test is used in testing textile materials: a circular specimen is rubbed, under pre-
scribed load, against an abrasive in a Lissajous-type motion. Classical Archard wear theory relates
removed material to normal load and sliding distance [1]. For clothing in use, however, the wear co-
efficient is not constant: perspiration, rain, drying, salt residue and pilling change both friction and
fibre strength. We propose a small mathematical model between Archard’s law and full fibre-level
simulation.

Let n denote Martindale cycles. For one mesoscopic surface element let D ∈ [0, 1] be structural
damage, F loose fibre or fuzz density, P pill density, M mass loss, u water content, and q dissolved
perspiration residue. The dried residue variable is z = (q − csu)+. The local abrasion intensity is

Λ =
κpℓ µ(u, z)

Seff(u, q)

1 + ηzz

1 + ηFF
, Seff = S0 exp(−βuu− βqq),

where κ is the Martindale exposure factor, p pressure, ℓ sliding length per cycle, µ friction, and Seff

effective abrasion resistance. A simple kinetic closure is

D′ = aDΛα(1 −D),
F ′ = aFΛ(1 −D) − bFΛF − cFΛF 2,
P ′ = aPΛF 2 − bPΛP,
M ′ = mF bFΛF +mP bPΛP +mDaDΛαD.

Water and solute are driven by rain Jr, sweat Js, evaporation and rinsing,

u′ = Jr + Js − ke(u− ue), q′ = cswJs − krJrq.

Thus the Archard coefficient becomes an internal state rather than a constant. The breakdown
cycle may be defined by

Nb = inf{n : D(n) > Dc or M(n) > Mc}.

The model predicts experimentally testable hysteresis: equal total water exposure may give different
Nb depending on wet-dry history, because drying increases z.
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Stochastic-dynamical thermostats are tools that allow modifying a Hamiltonian system so that
the resulting system of stochastic differential equations (SDEs) has the canonical Gibbs distribution
as its equilibrium distribution. Ergodicity of the resulting system is crucial to sample the Gibbs
distribution by integrating the system over time. Articles [1; 2] describe a semi-classical Hamiltonian
system modelling the dynamics of a periodic crystal lattice with an extra charge. For this system, we
propose a gentle thermostat method, which conserves the total charge probability. The Nosé-Hoover-
Langevin (NHL) thermostat is applied to the lattice dynamics equations, whereas the Generalized
Bulgac-Kusnezov (GBK) thermostat is applied to the charge dynamics equations. The resulting
system of SDEs is:

dun = pn dt, dpn = − ∂H

∂un
dt+ ξ0pn dt, (1)

dan =
∂H

∂bn
dt+ ξnbn dt, dbn = − ∂H

∂an
dt− ξnan dt, (2)

dξ0 =
1

α

N − β
N∑
i=1

p2i

 dt− γξ0 dt+
√

2γα−1 dW, (3)

dξn =
β

α

(
∂H

∂bn
an − ∂H

∂an
bn

)
dt− γξn dt+

√
2γα−1 dWn, (4)

where n = 1, . . . , N , N denotes the number of particles in the lattice, un and pn are the displacements
and momenta of the particles, an and bn are the real and imaginary parts of the charge probability
amplitudes, H is the Hamiltonian, β is the inverse temperature, ξ0 and ξn are auxiliary variables of
the thermostat, α and γ are the thermostat parameters, Wn(t) and W (t) are mutually independent
Brownian motions, and the Hamiltonian part of the system (2) is linear in an and bn. We prove
that the subsystem defined by (2) and (4) is ergodic when the lattice particles are frozen, while the
ergodicity of the full system (1)–(4) is verified numerically. In addition, the rate of convergence to
the prescribed temperature and autocorrelation functions are analysed analytically and numerically.

REFERENCES
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Fractional calculus provides a robust mathematical framework for modeling complex, history-
dependent processes in biological systems. Standard integer-order differential equations often fail to
capture the power-law adaptation and anomalous diffusion consistently observed in cellular dynam-
ics. This study investigates the synchronization behavior of a single neuron subjected to periodic
external forcing, integrating these non-local temporal effects through a fractional-order FitzHugh-
Nagumo model [2].

The phenomenon of memory asymmetry is explored by assigning distinct fractional orders to the
underlying physical processes. The system is formulated using Caputo fractional derivatives [1]:

CDα
t V = V − V 3

3
−W + I cos(ωt),

CDβ
tW = ε(V + a− bW ),

where α and β represent the fractional orders governing the fast membrane potential (V ) and the
slow recovery variable (W ), respectively. By systematically mapping phase-locking regions (Arnold
tongues) across a biologically plausible range of forcing amplitudes and frequencies, the dynamical
responses are categorized into stable entrainment, complex dynamics, and quiescence.

Numerical analysis reveals that the fractional orders α and β play distinct, non-interchangeable
roles in shaping the entrainment landscape. Decreasing the fractional order in the fast voltage
variable (α < 1) primarily serves as a damping mechanism, which simplifies the neuronal output by
suppressing complex, higher-order firing patterns in favor of robust 1:1 synchronization. In contrast,
reducing the fractional order within the slow recovery variable (β < 1) actively re-tunes the intrinsic
timescale of the system, systematically shifting the resonant frequencies and the entire entrainment
window. These results demonstrate that fractional memory asymmetry functions as a biophysical
mechanism, allowing neurons to independently modulate both the complexity and the frequency
selectivity of their response to rhythmic inputs.
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The universality property for so-called composite functions was first considered by A. Laurinčikas
(see [1]). He showed a kind of approximation by shifts of functions derived from the Riemann
zeta-function ζ(s) by a certain class of continuous operators F . Later, this result for many other
zeta- and L-functions was generalized. We mention just some of them, for example, the tuple of
Dirichlet L-functions L(s, χ1), L(s, χ2), ..., L(s, χr) with pairwise non-equivalent characters χ1, ..., χr
(see [2]), the zeta-function ζ(s,F) of normalized Hecke eigen cusp form F (see [3]), or for collection
of periodic zeta-functions ζ(s; a1), ..., ζ(s; ar) involving imaginary parts of non-trivial zeros of ζ(s)
(see [4]).

In this talk, we discuss some aspects of composite universality for the Selberg–Steuding class, as
a continuation of our investigations in [5].
Acknowledgment. The research is partially supported by a bilateral grant of the Research

Council of Lithuania (S-LJB-25-1) and the Japan Society for the Promotion of Science (JPJSBP
120254202) for the project “From value distribution until approximation: zeta-functions and their
classes”.
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[1] A. Laurinčikas. Universality of the Riemann zeta-function. J. Number Theory, 130 (10):2323–2331, 2010.
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Fractional versions of the Laguerre derivative were introduced (see [1]) in 2021 by Yakubovich, who
defined both fractional integrals and derivatives (of Riemann–Liouville type) within the Laguerre
setting. We continue with the mathematical study of these operators: proving many equivalent
formulae for them, introducing the corresponding Caputo-type Laguerre fractional derivatives, and
finding eigenfunctions for the new operators. Applications of our work are given by solving several
fractional differential equations, specially fractional nonlinear PDE involving Laguerre-type opera-
tors, their solutions often being expressible in terms of special functions such as the Tricomi and
Mittag-Leffler type function, see [2].
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This paper develops a functional-analytic framework for optimal control under parametric un-
certainty when a single control must be applied to a continuum of parameter-dependent dynamical
systems. We formulate the uninformed decision problem as an ensemble-control problem in Hilbert
space, where uncertainty is represented by a probability distribution over system parameters and
the informational constraint requires the control to be common across all parameter realisations.
Within this framework, we establish existence of an optimal uninformed control and derive first-order
necessary conditions in the form of an ensemble Pontryagin principle. Under additional concavity
assumptions, we also obtain sufficiency and uniqueness results.

The framework is then used to study the dynamic value of information, defined as the welfare gain
from observing the uncertain parameter before choosing the control. We prove non-negativity of the
value of information, characterize when it vanishes, and show continuity of the informed value, the
uninformed value, and the value of information with respect to the prior distribution. In a reduced
finite-dimensional setting, we further derive an envelope formula for the deterministic value function
and a small-dispersion expansion showing that the leading local value of information is governed by
the sensitivity of the optimal control rule to the uncertain parameter.

The general results are illustrated with a continuous-time pollution-control model with uncer-
tain natural purification rate. For a tractable benchmark with linear terminal damages, we derive
closed-form deterministic and uninformed optimal controls, establish comparative-statics results
with respect to the distribution of the purification rate, and obtain an exact variance-based rep-
resentation of the value of information. The analysis unifies ensemble control, infinite-dimensional
optimisation, and dynamic value-of-information analysis within a common analytical framework.
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Mathematical morphology originated in the study of geological problems, where it was developed
as an alternative to geostatistical modeling approaches in iron ore mining. In its classical formu-
lation, it can be understood as the transformation of a set A using a chosen structuring element
S. These transformations give rise to the dilation and erosion operators of mathematical morphol-
ogy. In the case of dilation DS , the set A is expanded by adding shifted copies of the structuring
element S. Conversely, in erosion ES , the set A is reduced by removing parts of the structuring
element S. Classical morphological operations and later developed fuzzy morphological operations
are widely used in image processing and analysis to enhance images or emphasize specific regions,
with applications in fields such as medical diagnostics, biology, and geology [1; 2; 3; 4].

To construct operators in mathematical morphology, the translation of the structuring element
requires the underlying set X to be equipped with an additive group structure. Therefore, we
introduce a framework for fuzzy mathematical morphology based on an additive group (X,+, 0)
and the corresponding family of L-fuzzy sets LX , enriched by a structurind element S ∈ LX . We
investigate the behavior of fuzzy morphological operators under mappings f : (LX , S) → (LY , T ),
which are induced by morphisms f : (X,+X , 0X) → (Y,+Y , 0Y ) in the category of additive groups.
We show that, under suitable conditions, these mappings preserve fuzzy morphological operators.
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Change point (CP) analysis serves as a fundamental tool for understanding time series, though
the field currently lacks a universal definition. For example, a CP can be defined both as change
in a parameter (e.g. mean, variance, etc.) or change in the model. Additionally, a CP analysis
distinction between online and offline models should be taken in account: online inference involves
real-time processing of data points individually or in small batches to provide immediate predictions,
whereas offline inference operates on large, static datasets to precompute and store results for later
use.

There exists a wide variety of CP detection methods and this research provides an extensive
theoretical overview of them, detailing the underlying logic, drawbacks, advantages and execution
of each [1; 2]. Additionally, beyond mere detection, we emphasize the interpretability of results, for
instance, how cost function shapes can indicate the confidence and fuzzy timing of a detected point.

• Temporal Partitioning Methods: These offline techniques treat CP detection as an optimization
problem, aiming to split data into segments that minimize a specific cost function. Some algo-
rithms split data into segments based on parameters like mean or variance, other look for similar
shapes or repeated patterns, some use characteristic functions.

• Graph-Based Partitioning: These offline methods discard temporal ordering, representing obser-
vations as nodes and similarities between observations as edges with weights. Some methods look
for a minimal spanning tree, others use nearest neighbor pairs, some utilize geometric shape of
time series and construct visibility graphs.

• Cumulative Methods: These online methods accumulate deviations relative to a target (e.g.
mean, variance, likelihood ratio) and trigger an alarm when the sum exceeds a threshold.

Acknowledgment. This research is funded by the Latvian Council of Science, project “De-
velopment of structure- and data-driven methods for analysis and control of complex dynamical
systems”, project No. lzp-2024/1-0207.

REFERENCES

[1] S. Aminikhanghahi, D.J. Cook. A survey of methods for time series change point detection. Knowledge and
Information Systems, 51 (2):339–367, 2017.

[2] M. Basseville, I. Nikiforov. Detection of Abrupt Change Theory and Application. Prentice Hall, 1993.

72



Abstracts of MMA2026, June 2–5, 2026, Jurmala, Latvia

c⃝ 2026

RECENT ADVANCES ON THE FHBVM APPROACH
FOR SOLVING SYSTEMS OF MULTI-ORDER
FRACTIONAL DIFFERENTIAL EQUATIONS

MIKK VIKERPUUR

University of Tartu

Narva street 18, Tartu 51009, Estonia

E-mail: mikk.vikerpuur@ut.ee

During the last few decades fractional differential equations (FDE) have attracted more and more
attention from the mathematical community, both due to their interesting analytical properties and
their apparent applicability in scientific modeling. In particular, since the non-smooth behaviour of
the exact solution of an FDE restricts the effectiveness of classical numerical techniques, the study
of numerical methods specialized for FDEs is currently a very active field of research. Here we
highlight a class of numerical methods called Fractional HBVMs (Fractional Hamiltonian Boundary
Value Methods), which have recently been introduced for approximating the solutions of systems
of nonlinear (single-order) Caputo-type fractional differential equations [1]. The FHBVM approach
is based on a local expansion of the vector field along a (naturally induced) Jacobi polynomial
basis, alongside a very efficient discretization process involving the use of suitable Gauss-Jacobi
quadrature rules and blended iteration procedures. Extensive experimentation [2] has shown that
these methods are extremely competitive w.r.t. other publicly available schemes, due to the fact
that a well-implemented FHBVM approach can achieve a spectrally accurate solution with minimal
computational cost.

In the present contribution we are interested in looking at the generalization of FHBVMs to initial
value problems involving systems of multi-order Caputo-type fractional differential equations. In
more detail, we shall extend FBHVMs to a system of m ∈ N equations, partitioned using ν ∈ N
distinct fractional orders αi ∈ (l − 1, l) (for some l ∈ N), as follows:

(Dαi

Capy)(t) = fi(t, y(t)), t ∈ [0, T ], y
(k)
i (0) = yki,0 ∈ Rmi , k = 0, . . . , l − 1, i = 1, . . . , ν. (1)

Here, for each i = 1, . . . , ν, the value mi ∈ N represents the number of equations containing the
fractional order αi (i.e. m =

∑ν
i=1mi), the functions fi : Rmi → Rmi are known, and the unknown

solution y : Rm → Rm is expressed as y = (y1, y2, . . . , yν), with yi : Rmi → Rmi . We present,
among other things, a convergence result for the FHBMV approach for problems in form (1), and
highlight the accuracy and computational efficiency of the proposed method with several numerical
experiments.

This is a joint work with Luigi Brugnano and Gianmarco Gurioli from University of Florence,
Italy, and with Felice Iavernaro from University of Bari, Italy.
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Numerical simulation has become an essential tool in the development of technological processes.
The continuous growth of computational resources has enabled the use of more accurate physical
models, increasingly complex geometries, large-scale parametric studies, and simulation-based opti-
mization. At the Institute of Numerical Modelling of the University of Latvia, long-standing exper-
tise has been developed in continuum-scale modelling of coupled multiphysical processes, including
electromagnetics, fluid flow, heat transfer, and related phenomena. Depending on the application,
boundary element, finite element, and finite volume methods are employed.

Alongside a broader overview of modelling applications, particular emphasis will be placed on
the simulation of crystal growth processes. In the case of the Czochralski (CZ) and floating zone
(FZ) methods, this requires global thermal modelling of the growth furnace together with transient
simulation of the full growth process under evolving geometry [1; 2]. The modelling covers the entire
process from seeding to the final stage of crystal formation. Besides heat conduction and radiation,
melt flow plays a decisive role, as it strongly influences the shape of the crystallization interface,
dopant distribution, thermal stress, and ultimately crystal quality.

The steadily increasing predictive power and efficiency of such models opens the way towards
digital twins of technological processes, where the real system and its virtual representation are
coupled through ongoing data exchange and model-informed process control, enabling improved
optimization and higher product quality. For crystal growth, this means that the numerical model
is no longer only a tool for offline analysis, but becomes an active component of process supervision
and control.

Real-time interaction cannot be achieved by high-fidelity simulation alone, and therefore reduced-
order and surrogate modelling approaches become essential. In parallel, the rapid development of
GPU computing has made advanced machine learning methods increasingly relevant for scientific
and engineering applications. In particular, neural operators offer a promising route towards fast
surrogate models for computationally expensive subprocesses, providing substantial acceleration
once trained. Looking further ahead, AI-based approaches, including large language models, may
also contribute to more intelligent workflows for parameter exploration, optimization, and control.
Acknowledgment. The research was co-funded by the University of Latvia project ZDA-LIP

2025/1 “Neural operator development for AI applications in modelling and scientific data analysis”.
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We consider the wave dynamics emerging from coupled reaction-diffusion systems where the
source terms are degenerate in the sense that they exhibit linear redundancy. We show that there
are surprising differences between the types of waves that occur in a single reaction-diffusion equation
and the types of waves that occur in a degenerate system of two equations. Importantly, and in
contrast to previously published results, we demonstrate that nonstationary pulse solutions can exist
for a degenerate system of two equations but cannot exist for a single reaction-diffusion equation.
We show that this has important consequences for the minimal model that can generate the types of
waves observed in various biological models. We derive an explicit condition on the source term in a
degenerate reaction-diffusion system that guarantees the existence of nonstationary and stationary
pulse and front solutions. We use this approach to provide several examples of reaction terms that
have analytical pulse and front solutions. We also show that the case in which one species cannot
diffuse is singular in the sense that the degenerate reaction-diffusion system can admit infinite
families of stationary piecewise constant solutions. We further show how such solutions can be
accessed by perturbing a constant rest state with a localized continuous disturbance.
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Accurate assessment of river water quality is complex and hindered by the inherent uncertainty
of environmental data, natural temporal variations, and the severe limitations of rigid classification
standards. Currently in Latvia, the method for evaluating the quality of water bodies is by simply
looking at the measurements and performing the “one out all out” principle, that makes the final
evaluation equal to the worst single measurement, which has a non-compensatory nature.

The fuzzy logic-based mathematics is a good fit for modeling environmental complexities. This
study proposes a fuzzy inference system that incorporates expert opinion. By replacing rigid,
crisp boundaries with continuous membership functions, our approach ensures a smooth transition
between quality classes. We implement an implicative fuzzy rule based system with monotonicity,
coherence [4], and continuity [3] of defuzzification. Crucially, to address the non-compensatory
nature of standard ’minimum’ aggregation where a single ’Very Bad’ indicator can skew the entire
assessment we demonstrate that employing an alternative t-norm to minimum maintains these
essential mathematical properties while providing a more balanced ecological evaluation.

The main reason we study the water evaluation is to look at decision making problems that
involve water quality. This includes developing the concept of Value of Information (VoI) [1]. In the
classical (probabilistic) setting, the VoI in water quality management (see [2]) is considered under
assumption that the quality of water has some distribution. We apply fuzzy modelling tools instead
of the probabilistic framework and gain the ability to use information systems that incorporate
expert-based knowledge.
Acknowledgment. This research is funded by the Latvian Council of Science, project “A fuzzy
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uncertainty with applications to ecological management”, project No. lzp-2024/1-0188.

REFERENCES

[1] R.A. Howard. Information value theory. IEEE Transactions on Systems Science and Cybernetics, 2 (1):22–26,
1966.
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When assessing multiphase flow, including in model systems for research purposes [1], a common
problem/objective is to reconstruct the flow field given some experimentally measured observable or
flow tracing objects [2]. To this end, there are three most commonly used classes of methods: optical
flow velocimetry (OFV) [2], particle image velocimetry (PIV) [3], and particle tracking velocimetry
(PTV) [4].

In many cases, however, the PIV or PTV tracers are either not contrast enough or are not present,
in which case OFV is the only viable option. Although there are many types and implementations
of OFV [2], most are difficult or infeasible to apply to cases with a low and/or strongly variable
signal-/contrast-to-noise ratio (SNR/CNR), experiments with systems with fast motion and a broad
spectrum of fluid and object velocity. Methods are often tested on sequences of high quality,
clear images. Here, we present the current state of development of our OFV pipeline designed for
low SNR/CNR cases with dynamic artifacts, where the images may further be affected by prior
image processing. Our approach is based on the parallel implementation of the Gunnar-Farneback
method [5] which uses polynomial expansion of image luminance and image pyramids for robust
multiscale motion estimation. We augment it with a flow field filtering routine based on two-way
optical flow consistency estimation, which produces a weight-averaged velocity field based on derived
confidence and applicability scores. We further assist the optical flow algorithm by pre-filtering
images for static/dynamic artifacts using vectorized 3D SVD (singular value decomposition) for the
spatiotemporal 3D image (stacked image sequence), identifying and eliminating artifact-containing
3D basis images from the SVD reconstruction via Fourier analysis. We demonstrate the performance
of our code (open-source) on several cases of varying difficulty, showcasing the enabled physical
analysis, and validating our approach.
Acknowledgment. This research is funded by the Latvian Council of Science, project “Magnetic
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Bubble flow is ubiquitous in natural and technological processes; e.g. magnetohydrodynamic
(MHD) bubble flow in liquid metal has applications in metallurgical processes, liquid metal-based
chemical reactors, etc. [1]. The MHD bubble flow exhibits complex collective dynamics, but can
be studied with experimental methods such as X-ray imaging [2] and downscaled model systems
with low melting point model liquids and inert gasses [1]. However, there are also challenges with
data analysis. To characterize MHD bubble flow, it is required not only to detect bubbles and
reconstruct trajectories and bubble interactions (merging, splitting, etc.) but also to quantify their
highly irregular shapes and determine bubble/metal phase boundary deformation rate.

Here, we propose our bubble detection, tracking, shape analysis, and deformation rate measure-
ment methods. Bubbles are detected from X-ray images via background, dark current, and artifact
corrections, followed by a segmentation algorithm combining global detection and local shape esti-
mation refinement, which help resolve thin metal films between bubbles and accurately determine
bubble interaction timings. The bubbles are then tracked using our MHT-X code, enabling the
reconstruction of collective dynamics [3]. Shape analysis based on camber line and principal chord
reconstruction via poly-line smoothing of shapes, Voronoi meshing, and graph-based methods al-
lows quantifying bubble shape dynamics by studying breakup events in detail. Furthermore, we
decouple translation, rotation, and deformation by combining MHT-X with principal component
analysis (PCA) or higher-order PCA [4] and our newly developed 2-way consistent Farneback [5]
with singular value decomposition (2WCF-SVD) code for optical flow velocimetry; we measure
bubble boundary deformation rates. Applicable to most types of bubble shapes, these tools are em-
ployed to study the effects of flow confinement, gas flow rate, and applied magnetic field on bubble
collective dynamics in liquid metal, and potential improvements to our framework are discussed.
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Gasparavičius I., 19
Gerges H.H.Y., 20
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Strautiņš U., 43, 65
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